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Abstract 

Let A be a lattice in reduced in the sense of Korkine and Zolotareff having a 
basis of the form (Ai,0,0,... ,0), ( 02 , 1 , ^ 2 , 0 ,... ,0), ..., (o„,i,a„, 2 ,.. ■,an,n-i,An) 
where Ai, A 2 , ■ ■ ■, A^ are all positive. A well known conjecture of Woods in Geom¬ 
etry of Numbers asserts that if A 1 A 2 ■ ■ ■ An = 1 and Ai ^ Ai for each i then any 
closed sphere in M"’ of radius y/nl2 contains a point of A. Woods’ Conjecture is 
known to be true for re < 9. In this paper we give estimates on the Conjecture of 
Woods for 10 < re < 33, improving the earlier best known results of Hans-Gill et al. 
These lead to an improvement, for these values of re, to the estimates on the long 
standing classical conjecture of Minkowski on the product of re non-homogeneous 
linear forms. 

MSC : lliL31, lliL46, 11J20, 11J37, 52(715. 

Keywords : Lattice, Covering, Non-homogeneous, Product of linear forms. Critical 
determinant, Korkine and Zolotareff reduction, Hermite’s constant. Center density. 

1 Introduction 

Let Li = ttiiXi + ■ • • + ainXn, 1 < i < n he n real linear forms in n variables 
Xi,... ,Xn and having determinant A = det(ajj) 7 ^ 0. The following conjec- 
tnre is attribnted to H. Minkowski: 

Conjecture I: For any given real numbers Ci,..., c„, there exists integers 
Xi,... ,Xn such that 

I (.^^1 + Cl) • • ■ {Ln + c„) 1^ — I A I . (1.1) 

Eguality is necessary if and only if after a suitable unimodular transformation 
the linear forms Li have the form 2ciXi for 1 < i <n. 

*The author acknowledges the support of CSIR, India. The paper forms a part of her 
Ph.D. dissertation accepted by Panjab University, Chandigarh. 
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This result is known to be true for n < 9. For a detailed history and the re¬ 
lated results, see Bambah et alpp, Gruber [S], Hans-Gill et al m and Kathuria 
and Raka HZ]. 

Minkowski’s Gonjecture is equivalent to saying that 



A 


where = M„(A) is given by 


Mn = Sup Sup Inf TT \ LAui,... ,Un) + 

^=l 


Ghebotarev |1] proved the weaker inequality 


Mn < -^|A|. 


( 1 , 2 ) 


Since then several authors have tried to improve upon this estimate. The 
bounds have been obtained in the form 


Mn < 



(1.3) 


where h>n> Glearly < 2"^/^ by considering the linear forms L* = Xi and 
Cj = I for 1 < i < n. During 1949-1986, many authors such as Davenport, 
Woods, Bombieri, Gruber, Skubenko, Andrijasjan, Il’in and Malyshev ob¬ 
tained Vn for large n. For details, see Gruber and Lekkerkerker [9], Hans-Gill 
et al [12]. In 1960, Mordell [2T] obtained z/„ = 4 — 2(2 — 3\/2/4)” — 2 “”'^ for 
all n. Il’in [T51 [in](1986,1991) improved Mordell’s estimates for 6 < n < 31. 
Hans-Gill et al [121 [H] (2010,2011) got improvements on the results of Il’in [16] 
for 9 < n < 31. Since recently vg = 2®/^ has been established by the authors 
ini, we study Vn for 10 < n < 33 and obtain their rehned values in this 
paper. 

For sake of comparison, we give results by Mordell [2T], Il’in [16], Hans- 
Gill et al [H] and our improved in Table I. 

We shall follow the Remak-Davenport approach. For the sake of conve¬ 
nience of the reader we give some basic results of this approach. 

Minkowski’s Gonjecture can be restated in the terminology of lattices as : 
Any lattice A of determinant d(A) in M"’ is a covering lattice for the set 


S : \XiX2 . . .Xn 


^d{A) 
- 2^ 
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Table I 



Estimates by 
Mordell 

Estimates by 
Il’in 

Estimates by 
Hans-Gill et al 

Our improved 
Estimates 

n 



Vn 


10 

2.8990614 

3.4798928 

24.3627506 

27.6034811 

11 

2.9731018 

3.5229055 

29.2801145 

33.4727227 

12 

3.0405253 

3.5502417 

32.2801213 

39.5919904 

13 

3.1023558 

3.5785628 

34.8475153 

45.4004068 

14 

3.1593729 

3.6020935 

37.8038391 

51.2623882 

15 

3.2121798 

3.6111553 

40.9051980 

57.0037507 

16 

3.2612520 

3.6190753 

44.3414913 

57.4701963 

17 

3.3069717 

3.6392444 

47.2339309 

57.6759791 

18 

3.3496524 

3.6617581 

46.7645724 

57.3887589 

19 

3.3895562 

3.6673429 

47.2575897 

60.0933912 

20 

3.4269065 

3.6723611 

46.8640155 

58.4859214 

21 

3.4618973 

3.6769169 

46.0522028 

56.4257125 

22 

3.4946990 

3.684080 

43.6612034 

53.9414220 

23 

3.5254641 

3.6863331 

37.8802374 

50.9884152 

24 

3.5543297 

3.6897821 

32.5852958 

47.7463213 

25 

3.5814208 

3.6929517 

27.8149432 

42.3908768 

26 

3.6068520 

3.6958893 

23.0801951 

38.8656991 

27 

3.6307288 

3.7001150 

17.3895105 

31.9331584 

28 

3.6531489 

3.7026271 

12.9938763 

26.1066323 

29 

3.6742031 

3.7049722 

9.5796191 

19.9625412 

30 

3.6939760 

3.7086731 

6.7664335 

16.0688443 

31 

3.7125466 

3.7255824 

4.7459720 

11.2387160 

32 

3.7299885 



8.3258788 

33 

3.746371 



5.4114880 


The weaker result (1.3) is equivalent to saying that any lattice A of de¬ 
terminant d{A) in M"" is a covering lattice for the set 


S : \X 1 X 2 .. .Xn 


< 


d{A) 


Dehne the homogeneous minimum of A as 


mniA) = Inf{|a:ia:2 .. .a:n| : X = {xi,X2,-■ ■ ,Xn) e A,X O}. 

In 1956, Birch and Swinnerton-Dyer[2] proved 

Proposition 1. Suppose that Minkowski Conjecture has been proved for 
dimensions 1,2, • • • ,n — 1. Then it holds for all lattices A in for which 
Mh{A) = 0. 

C.T. McMullen [20] proved 

Proposition 2. If A is a lattice in R** for n > 3 with Mh{A) 7 ^ 0 then there 
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exists an ellipsoid having n linearly independent points of A on its boundary 
and no point of A other than O in its interior. 

It is well known that using these results, Minkowski’s Conjecture would 
follow from 

Conjecture II. If A is a lattice in of determinant 1 and there is a sphere 
\X\ < R which contains no point of A other than O in its interior and has n 
linearly independent points of A on its boundary then A is a covering lattice 
for the closed sphere of radius y/n/d. Equivalently, every closed sphere of 
radius y/n/4 lying in M"’ contains a point of A. 

Woods [211 [25] formulated a conjecture from which Conjecture-II fol¬ 
lows immediately. To state Woods’ conjecture, we need to introduce some 
terminology : 

Let L be a lattice in M". By the reduction theory of quadratic forms 
introduced by Korkine and Zolotareff [IH], a cartesian co-ordinate system 
may be chosen in in such a way that L has a basis of the form 

(•dl, 0, 0, . . . , 0), (ci2,l) ^2; 0, . . . , 0), . . . , (cin,l5 ®n,2; ■ ■ ■ i ®n,n—Ij -d-n); 

where Ai, ^42,..., are all positive and further for each i = 1, 2,..., n any 
two points of the lattice in with basis 

(Aj, 0, 0,..., 0), (oj+i ,ii 0, . . . , 0), . . . , {Qin,ii ■ ■ ■ y ®n,n—1) -^n) 

are at a distance atleast Ai apart. Such a basis of L is called a reduced basis. 

Conjecture III (Woods): If A 1 A 2 ■ ■ ■ A^ = 1 and Ai ^ Ai for each i then 
any closed sphere in M” of radius \/n/2 contains a point o/L. 

Woods [23l [211 ES] proved this conjecture for 4 ^ n ^ 6. Hans-Gill et 
al [To] gave a unihed proof of Woods’ Conjecture for n ^ 6. Hans-Gill et al 
[nmu proved Woods’ Conjecture for n = 7 and n = 8 and thus completed 
the proof of Minkowski’s Conjecture for n = 7 and 8. Kathuria and Raka la 
proved Woods Conjecture and hence Minkowski’s Conjecture for n = 9. With 
the assumptions as in Conjecture III, a weaker result would be that 

If a}n > n, any closed sphere in of radius y7Jl/2 contains a point 
of L. 

Hans-Gill et al [I211I3 obtained the estimates Un on Woods’ Conjecture 
for n > 9. As wg = 9 has been established by the authors m recently, 
in this paper we obtain improved estimates ujn on Woods’ Conjecture for 
10 < n < 33. Together with the following result of Hans-Gill et al. na , we 
get improvements of uJn for n > 34 also. 
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Proposition 3. Let h be a lattice in ML with A 1 A 2 ■ ■ ■ An = 1 and Ai ^ Ai 
for each i. Let 0 < /„ < where In and uin are real numbers. 

Then L, is a covering lattice for the sphere |X| < ^JuJfi/2, where Un is defined 
inductively by 

ojn = + rUn}. 


Here we prove 

Theorem 1. Let 10 < n < 33. If d(L) = Ai... An = 1 and Ai < Ai for 
i = 2, - ■ ■ ,n, then any closed sphere in of radius y ^/2 contains a point 
of L, where Un are as listed in Table IT 

For the sake of comparison we give results by Hans-Gill et. al |T3] and our 
improved Un in Table II. 

To deduce the results on the estimates of Minkowski’s Conjecture we also 
need the following generalization of Proposition 1 (see Theorem 3 of [12]; for 
a proof see [T 8 ]): 

Proposition 4. Suppose that we know 




1 

i/j2l/2 I A 


for 1 ^ j ^ n — 1. 


Let Un < min - where the minimum is taken over all {ki, ^ 2 , •'' ) 

such that n = ki + k 2 + .. . + ks, ki positive integers for all i and s ^ 2. Then 
for all lattices A in M”' with homogeneous minimum Mh{A) = 0, the estimate 
Un holds for Minkowski’s Conjecture. 

Since by arithmetic-geometric inequality the sphere {X G M” : |X| < 
is a subset of {X : \xiX 2 ...Xn\ < Propositions 2 and 4 immedi¬ 

ately imply 

Theorem 2: The values of Un for the estimates of Minkowski’s Conjecture 
can be taken as i—Y-C. 

For 10 < u < 33, these values are listed in Table I. In Section 2 we state some 
preliminary results and in Sections 3-9 we prove Theorem 1 for 10 < n < 33. 


2 Preliminary Results and Plan of the Proof 

Let L be a lattice in reduced in the sense of Korkine and Zolotareff. Let 
A(S'„) denotes the critical determinant of the unit sphere S'„ with center O 
in M"" i.e. 

A(S'n) = Inf{(i(A) : A has no point other than O in the interior of Sn}- 
Let 7 n be the Hermite’s constant i.e. 7 ^ is the smallest real number such that 
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for any positive definite qnadratic form Q in n variables of determinant D, 
there exist integers Ui,U 2 ,--- ,Un not all zero satisfying 

Q(^Ui, U2i ■ ■ ■ ) Uji) ^ '^nD ^ . 

It is well known that A^(S'„) = 7 “”. We write = Bi. 

We state below some preliminary lemmas. Lemmas 1 and 2 are dne to 
Woods [23], Lemma 3 is dne to Korkine and Zolotareff [T9|, and Lemma 
4 is dne to Pendavingh and Van Zwam [22] . In Lemma 5, the cases n = 2 
and 3 are classical resnlts of Lagrange and Ganss; n = 4 and 5 are dne to 
Korkine and Zolotareff [12] while n = 6 , 7 and 8 are dne to Blichfeldt [3]. 

Lemma 1. If 2A{Sn+i)A'^ > d{L,) then any closed sphere of radius 
R = Zli(l - {A^,A{Sn+i)/d{h)}Y^ 
in M” contains a point of L. 

Lemma 2. For a hxed integer i with 1 < i < n — 1, denote by Li the lattice 
in M* with reduced basis 

(Ai, 0 , • • • , 0 ), ( 027 , A 2 , 0 , • • • , 0 ), • • • , ( 0 * 7 , 0 * 7 , • • • , 0 * 7 - 1 , Ai) 
and denote by L 2 the lattice in with reduced basis 

(A*-|_i, 0, • • • ,0), (o*-|_ 27 +l) Aj_|_ 2 , 0, • • • , 0), • • • , (o*j 7 -|_i, 0*i7-|-2, ■ ■ ■ ) 0,n,n—ly An')- 

If any closed sphere in M* of radius ri contains a point of Li and if any closed 
sphere in of radius r 2 contains a point of L 2 then any closed sphere in 
of radius (rf + contains a point of L. 

Lemma 3. For all relevant i, 


3 2 

Bi+i > -Bi and 5*+2 > -Bi. 

(2.1) 

Lemma 4. For all relevant i, 


Bi+i > (0.46873)5*. 

(2.2) 


Throughout the paper we shall denote 0.46873 by e. 

Lemma 5. = \/3/2, l/x/2, 1/2, 1/2^2, y/3/8, 1/8 and 1/16 for 

n = 2, 3, 4, 5, 6, 7 and 8 respectively. 

Lemma 6. For any integer s, 1 < s < n — 1 


<7:17; and 

(2.3) 

B1B2 (7A7A ■ ■. tA+i)""'. 

(2.4) 
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This is Lemma 4 of Hans-Gill et al [12] . 
Lemma 7. 


{(8.5337) 


^ < Bn < 7 n-l 


This is Lemma 6 of Hans-Gill et al [H] . 


(2.5) 


Remark 1. Let 

Sn = the best centre density of packings of unit spheres in M"", 

S* = the best centre density of lattice packings of unit spheres in M"'. 


Then it is known that (see Gonway and Sloane [7], page 20) 


yn 


< 4 («- 


(2.6) 


6* and hence 7 „ is known for n < 8. Also 724 = 4 has been proved by Gohn 
and Kumar [ 6 ]. Using the bounds on Sn given by Gohn and Elkies [5] and 
inequality (12.Oh we hnd bounds on 7 ^ for 10 < n < 33 which we have listed 
in Table If. Also 79 < 2.1326324. 


Table II 


n 

VI 

Estimates by Hans-Gill et al 

UJn 

Our improved Estimates 
OJn 

10 

2.2636302 

10.5605061 

10.3 

11 

2.3933470 

11.9061976 

11.62 

12 

2.5217871 

13.4499927 

13 

13 

2.6492947 

15.0562267 

14.455765 

14 

2.7758041 

16.6646332 

15.955156 

15 

2.9014777 

18.2901579 

17.498499 

16 

3.0263937 

19.9204292 

19.285 

17 

3.1506793 

21.6026907 

21.101 

18 

3.2743307 

23.4831402 

22.955 

19 

3.3974439 

25.3234826 

24.691 

20 

3.5200620 

27.2255111 

26.629 

21 

3.6422432 

29.1638254 

28.605 

22 

3.7640371 

31.2142617 

30.62 

23 

3.8854763 

33.5354821 

32.68 

24 

4.0065998 

35.9050965 

34.78 

25 

4.1274438 

38.3201985 

37.05 

26 

4.2480446 

40.8449876 

39.24 

27 

4.3684312 

43.7039431 

41.78 

28 

4.488631 

46.6267624 

44.36 

29 

4.6086676 

49.6305176 

47.18 

30 

4.7285667 

52.8194566 

49.86 

31 

4.8483483 

56.0735184 

53.04 

32 

4.9680344 


56.06 

33 

5.0876409 


59.58 


7 































We assume that Theorem 1 is false and derive a contradiction. Let L be a 
lattice satisfying the hypothesis of the conjecture. Suppose that there exists 
a closed sphere of radius in M” that contains no point of L in M"’. 

Since Bi = and (i(L) = 1 , we have B 1 B 2 ... Bn = 1. 

We give some examples of inequalities that arise. Let Li be a lattice in 
with basis {Ai, 0 , 0 , 0 ), (02,1, A 2 , 0 , 0 ), (03,1, 03,2, ^3, 0 ), (04,1, 04,2, 04,3, -44), 
and Lj for 2 < z < n be lattices in with basis ( 744 + 3 ). Applying Lemma 2 
repeatedly and using Lemma 1 we see that if 2 A(S' 5 ) 74 ^ > 741742743^44 then 
any closed sphere of radius 



42 42 42 42 


+ ^Al + 

4 




1/2 


contains a point of L. By the initial hypothesis this radius exceeds y/uJ^/2. 
Since A(S' 5 ) = l/2\/2 and BiB 2 ...Bn = 1, this results in the conditional 
inequality ; if B\B^Bq ... Bn > 2 then 

4i?i — —B^B^Bq . . . Bn + i?5 + i?6 + • • ■ + Bn > i^n- (2-7) 


We call this inequality (4,1, • • • ,1), since it corresponds to the ordered par¬ 
tition (4,1, • • • , 1) of n for the purpose of applying Lemma 2. Similarly 
the conditional inequality '' A) corresponding to the ordered 

partition (1, • • • , 1) 2,1, • • • , 1) is : if 2Bi > i^j+i then 

2B^ 

Si + • ■ ■ + Sj_i -|- 4Sj — — ^ h Sj+2 Bn > UJn- (2-8) 

-Dj+l 

Since 4Sj — < 2Sj+i, fl2.8p gives 

Si Sj_i -|- 2Sj+i -|- Sj+2 Bn > (jJn- (2-9) 


One may remark here that the condition 2 Sj > Sj+i is necessary only if we 
want to use inequality fl 2 . 8 p . but it is not necessary if we want to use the 
weaker inequality fl2.9p . This is so because if 2Bi < Sj+i, using the partition 
( 1 , 1 ) in place of ( 2 ) for the relevant part, we get the upper bound Sj -|- S^+i 
which is clearly less than 2Sj+i. We shall call inequalities of type fl2.9p as 
weak inequalities and denote it by ( 1 , • • • , 1 , 2 , 1 , • • • , 

If (Ai,A 2 ,-- - , A<j) is an ordered partition of n, then the conditional 
inequality arising from it, by using Lemmas 1 and 2, is also denoted by 
(Ai, A 2 , • • • , As). If the conditions in an inequality (Ai, A 2 , • • • , As) are satis- 
hed then we say that (Ai, A 2 , • • • , As) holds. 

Sometimes, instead of Lemma 2, we are able to use induction. The use 









of this is indicated by putting (*) on the corresponding part of the partition. 
For example, if for n = 10, is larger than each of Sg, • • • , i?io, and if 




B2B3B4 


> 2, the inequality (4, 6*) gives 


4Bi - 1 > uio. 


( 2 . 10 ) 


2 B2B^B/i 

In particular the inequality ((n — 1)*, 1) always holds. This can be written as 

^n-l{,Bn)^"~'^'> + Bn > UJn- ( 2 - 11 ) 


Also we have Bi > 1, because if Bi < 1, then Bi < Bi < 1 for each i 
contradicting BiB 2 ...Bn = 1. 

Using the upper bounds on 7„ and the inequality (12.bh . we obtain numerical 
lower and upper bounds on i?„, which we denote by In and mn respectively. 
We use the approach of Hans-Gill et al [H], but our method of dealing with 
is somewhat different. In Sections 3-5 we give proof of Theorem 1 for n = 
10,11 and 12 respectively. The proof of these cases is based on the truncation 
of the interval from both the sides. In Sections 6-8 we give proof of 

Theorem 1 for n = 13,14 and 15. The proof of these cases is based on 
the truncation of the interval [/„,/«„] from one side only. (Truncation from 
both the sides makes the proof very complicated and it does not give any 
signihcant improvement on Un-) For 16 < n < 33 we use the inequalities in 
somewhat different way and this is discussed in Section 9. 

In this paper we need to maximize or minimize frequently functions of several 
variables. When we say that a given function of several variables in a:, ?/, • • • 
is an increasing/decreasing function of x, ?/,•••, it means that the concerned 
property holds when function is considered as a function of one variable at a 
time, all other variables being hxed. 


3 Proof of Theorem 1 for n = 10 

Here we have tuio = 10.3, Bi < 710 < 2.2636302. Using (12.bh . we have 
/lo = 0.4007 < Bio < 1.9770808 = mig. 

The inequality (9*, 1) gives 9(i?io)”^ -l- i?io < 10.3. But for 0.4398 < Bio < 
1.9378, this inequality is not true. Hence we must have either Bio < 0.4398 
or Bio > 1.9378. 

We will deal with the two cases 0.4007 < Bio < 0.4398 and 1.9378 < Bio < 
1.9770808 separately: 
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3.1 0.4007 < Biq < 0.4398 

Using fl2.ip . fl2.2p we have: 


{ ^9 < 1^10 < 0.5864, Eg < fSio < 0.6597, Bj < 2Bio < 0.8796, 
Be<^< 0.9383, B^ < < 1.2511, B^ < < 1.4075, 

B 3 <^ < 1.8766, B 2 <^< 2.0018 

(3.1) 

Claim(i) B 2 > 1.7046 

The inequality (2, 2, 2, 2, 2)^ gives 2 B 2 + 2 B 4 + 2Bq + 2Bs + 2Bio > 10.3. 
Using (3.1), we hnd that this inequality is not true for B 2 < 1.7046. Hence 
we must have B 2 > 1.7046. 


Claim(ii) B 2 < 1.8815 

Suppose B 2 > 1.8815, then using (3.1) and that Bq > eB 2 we hnd that 
> 2 and > 2. So the inequality (1,4,4,1) holds, i.e. Bi +4^2 — 

I bJbIb^ + - I btSbq + ^10 ^ AM-GM inequality we get 

Bi+4 :B2+4 :Bq + Biq — B^BqBiBiq > 10.3. Now since < 7?io < 0.4398, 
Bq > eB 2 , Bi > B 2 and B 2 > 1.8815, we hnd that the left side is a decreasing 
function of Biq and Bq. So replacing Biq by £^i ?2 and Bq by eB 2 we get 
01 = Bi + {A + As -\- e^)B 2 — y/ {eyB\^Bi > 10.3. Now the left side is a 
decreasing function of H 2 , so replacing B 2 by 1.8815 we hnd that 0i < 10.3 
for 1 < Bi < 2.2636302, a contradiction. Hence we must have B 2 < 1.8815. 


Claim(iii) Bq < 1.5652 

Suppose Bq > 1.5652. From (3.1) we have B^BqBq < 1.6524 and BqBqBiq 




< 0.1702, so we hnd that 
1.49. 


> 2 and 


S3 


> 


(g-B3)3 


BsBgBio — BsBgBio 


> 2, for Bq > 


9 

Applying AM-GM to inequality (2,4,4) we get 4Hi —^ -|- 4 H 3 -|- 4 H 7 — 
> 10.3. Since Bq > B 2 > 1.7046, Bj > sBq and Bq > 1.5652, 
we hnd that left side is a decreasing function of Bq and Bj. So we replace Bq 
by i? 2 . By by eBq and get that 02 = 2 H 2 -|- 4(1 e)BQ — y/ {eyBl^B^ > 10.3. 
But left side is a decreasing function of Bq, so replacing Bq by 1.5652 we hnd 
that 02 < 10.3 for 1.7046 < B 2 < 1.8815, a contradiction. Hence we must 
have Bq < 1.5652. 


Claim(iv) Bq > 1.9378 

Suppose Bi < 1.9378. Using (3.1) and that Bq < 1.5652, B 2 > 1.7046, we 
hnd that B 2 is larger than each of Bq, B^, ■ ■ ■ , Bqq. So the inequality (1, 9*) 
holds. This gives Bi -|- 9(i?i)“^/® > 10.3, which is not true for Bi < 1.9378. 
So we must have Bi > 1.9378. 


Claim(v) Bq < 1.5485 

Suppose Bq > 1.5485. We proceed as in Glaim(iii) and replace Bq by 
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1.9378 and Bj by eB^, to get that 03 = 4(1.9378) — + 4(1 + e)B^ — 

\/ (e)®(1.9378)i?3°i?2 > 10.3. One easily checks that 03 < 10.3 for 1.5485 < 
B-i < 1.5652 and 1.7046 < B 2 < 1.8815. Hence we have B 3 < 1.5485. 

Claim(vi) Bi < 2.0187 

Snppose Bi > 2.0187. Using (3.1) and Claims (ii), (v) we have B 2 B^B 4 < 
4.11. Therefore b 2 ^ 1 b 4 ^ ^ 0.9462, we see using (3.1) that 

H 5 is larger than each of Bq, Bj, • • ■ , Biq. Hence the inequality (4, 6 *) holds. 
This gives 04 = 4i?i — + 6 (HiH 2 i? 3 H 4 )“^/® > 10.3. Left side is an 

increasing function of H 2 H 3 H 4 and decreasing function of Bi. So we can 
replace H 2 H 3 H 4 by 4.11 and Bi by 2.0187 to hnd 04 < 10.3, a contradiction. 
Hence we have Bi < 2.0187. 

Claim(vii) H 4 < 1.337 

Suppose H 4 > 1.337, then using (3.1) we get ^ AM- 

9 r 2 

GM to inequality (1,2,4,2,1) we have Bi + AB 2 —^ + 4 i ?4 -|- 4i?8 -|- Hio — 
2 ^JBlBlBiB 2 B^BiQ > 10.3. Since B 2 > 1.7046, H 3 > 1 ^ 2 , H 4 > 1.337, 
-Bs > ^-^4 and Hio > ^^ 4 , we hnd that left side is a decreasing function of H 2 , 
Hg and Biq. So we can replace B 2 by 1.7046; Hg by eB^ and B^q by yB 4 to get 

05 = Bi+4(1.7046)- ^^^-g^^^^' + (4 + 4£-Ff)H4-2^|(£)4(1.7046)H|HiH3 > 
10.3. Now left side is a decreasing function of H 4 , replacing H 4 by 1.337, we 
hnd that 05 < 10.3 for 1 < Hi < 2.0187 and 1 < H 3 < 1.5485, a contradiction. 
Hence we have B 4 < 1.337. 

Claim(viii) H 5 < 1.1492 

Suppose H 5 > 1.1492. Using (3.1), we get BqBjBs < 0.5445. Therefore 
> 2 . Also using dH]) , (Q , 2 Bg > 2 {eB^) > 1.077 > Hiq. So the 

1 V 1 1 R4 9 r >2 

inequality (4 ,4,2) holds, i.e. 4 -I- 4 H 5 ——> 

10.3. Now left side is a decreasing function of H 5 and Hg. So we replace H 5 by 
1.1492 and Hg by 1.14925 and get that 06(a;,Hio) = 4( +4(1-h 

5)(1.1492) —^ where x = B^B^Bg. Using fl2.ip . fl2.2p 
we have x = B^BjBg > ^ > and Hio > ^-B^ > ^(1.1492). It can 

be verihed that 06(a:,Hio) < 10.3 for < x < 0.5445 and ^(1.1492) < 

Hio < 0.4398, giving thereby a contradiction. Hence we must have H 5 < 
1.1492. 

Claim(ix) Hg < 1.766. 

Suppose B 2 > 1.766. We have H 3 H 4 H 5 < 2.3793. So B^iB^ ^ 

Be > 5 B 2 > 0.8277. Therefore He is larger than each of H 7 , Hg, Hg, Hig. 
Hence the inequality (1,4,5*) holds. This gives Hi + 4 H 2 — 2 BsbIbs 
5 (y-g^A__^i > 10.3. Left side is an increasing function of H 3 H 4 H 5 , a 
decreasing function of H 2 and an increasing function of Hi. One easily 
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checks that this inequality is not true for Bi < 2.0187; B 2 > 1.766 and 
B^B^B^ < 2.3793. Hence we have B 2 < 1.766. 

Final contradiction 

As 2 {B 2 + Bi + Be + Bs + Bio) < 2(1.766 + 1.337 + 0.9383 + 0.6597 + 0.4398) < 
10.3, the weak inequality (2, 2, 2, 2, 2)^ gives a contradiction. 

3.2 1.9378 < Bio < 1.9770808 

Here Bi > Biq > 1.9378. And B 2 = {B 1 B 3 ■ ■ ■ Bio)~^ 

< (Hi ■ |H 2 ■ IB 2 ■ \B 2 ■ eB 2 ■ f H 2 • f H 2 • IH 2 • Hio)-i = {^^e^BlB^B^^)-\ 
which implies (H 2 )® < (^£"‘(1.9378)^)“^, i.e. B 2 < 1.75076. 

Similarly 

H3 = (H1H2H4 • ■ ■ Hio)-' < il^e^BlBlB^,)-^- 
H4 = (H1H2H3H5 • ■ -Hio)-' < i^e^BlBlB^^)-^- 
Bq = (Bi ■ ■ ■ B^BjBgBgBio) ^ < (^eB^BlBio) 

Bs = (Hi ■ ■ ■ BiBgBio)~^ < (^e^BgBlB iq). 

These respectively give H 3 < 1.46138, H 4 < 1.22883, Hg < 0.896058 and 
Hg < 0.721763. So we have H^HsHgHyHgHgHio = b 2 ^\b 4 , ^ — 

2(eHi) > 1.8166 > Hg and 2 H 7 > 2(f Hi) > Hg. 

Applying AM-GM to inequality (4,2,2,1,1) we have 4Hi + 4 H 5 + 4 H 7 + 
Hg + Hio — 3 ( 2 H^H|H 7 HgHio)^ > 10.3. We hnd that left side is a decreasing 
function of Bj and Hg, so can replace H 7 by f^Hi and Hg by eBi, then 
it is a decreasing function of Hi, so replacing Hi by Hig we have 4(1 + 
£ + |£)Hio + Hg + Hio — 2^(e)‘^(Bio)^(Bg)^ > 10.3, which is not true for 
(1.9378)e2 < Bg < Bi < 2.2636302 and 1.9378 < Hio < 1.9770808. Hence 
we get a contradiction. □ 

4 Proof of Theorem 1 for n = 11 

Here we have uu = 11.62, Hi < yn < 2.393347. Using fl2.5p . we have 
hi = 0.3673 < Hii < 2.1016019 = mu. 

The inequality (10*, 1) gives 10.3(Hii)il + Hu > 11.62. But for 0.4409 < 
Hii < 2.018 this inequality is not true. So we must have either Hu < 0.4409 
or Hii > 2.018. 

4.1 0.3673 < Bn < 0.4409 

Claim(i) Hig < 0.4692 

Suppose Hio > 0.4692, then 2Hio > Hu, so (9*, 2 ) holds, i.e. 

2 B^ 

4Hio —> 11.62. As left side is a decreasing function of Hio, we can 
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replace -Bio by 0.4692 and find that it is not trne for 0.3673 < Bu < 0.4409. 
Hence we ninst have .Bio < 0.4692. 

Using fl2.ip . fl2.2p we have: 

Bg < |Hio < 0.6256, -Bg < f-Bio < 0.7038, Bj < ^ < 0.94063, 
Bq<^ < 1.0011, -Bs < < 1.3347, < 1.50151, (4.1) 

^3 < ^ < 2.0068, B 2 <^ < 2.13557. 


Claim(ii) B 2 > 1.913 

The ineqnality (2, 2, 2, 2, 2, gives 2 .B 2 + 2 .B 4 + 2 .B 6 + 2 .B 8 + 2 .B 10 + -B 11 > 
11.62. Using (4.1) we find that this ineqnality is not trne for B 2 < 1.913. So 
we must have B 2 > 1.913. 


Claim(iii) B^ < 1.761 

Suppose Bs > 1.761, then we have > 2 and > 

9 

2. Applying AM-GM to the inequality (2,4,4,1) we get 4-Bi - ^ + d-Bg + 
4 .B 7 + -Bii — B^BjBiB 2 Bii > 11.62. One easily finds that it is not true for 
Bi > -B 2 > 1.913, Bs > 1.761, -By > eBs, Bn > e^Bs, 1.913 < B 2 < 2.13557 
and 1.761 < Bs < 2.0068. Hence we must have Bs < 1.761. 


Claim(iv) .Bi < 2.2436 

Suppose -Bi > 2.2436. As H 2 -B 3 -B 4 < 2.13557 x 1.761 x 1.50151 < 5.6468, 
— > 2 . Also -B 5 > sBi > 1.051, so -Bs is larger than each 
Hence the inequality (4, 7*) holds. This gives 4.Bi — 
2 B 2 B 3 B 4 , 51 - 62 ^ 354 )^ ^ 11.62. Left side is an increasing function of-B 2 -B 3 .B 4 

and decreasing function of .Bi. One easily checks that the inequality is not 
true for .B 2 -B 3 .B 4 < 5.6468 and .Bi > 2.2436. Hence we have .Bi < 2.2436. 


we have odd 

±>2 ±>4 

of Bq, -By, • • • , -Bii 

1 1 


Claim(v) .B 4 < 1.4465 and B 2 > 1.9686 

Suppose -B 4 > 1.4465. We have B^B^Bj < 1.2569 and -Bg-Bio-Bn < 
0.1295. Therefore for .B 4 > 1.36, we have n > 2 and u u > 
^ inequality (1,2,4,4) holds. Applying AM-GM to inequal¬ 

ity (1)2,4,4), we get .Bi -|- 4 .B 2 —^ -|- 4 .B 4 -|- d-Bg — B\B^BiB 2 Bs > 11.62. 
A simple calculation shows that this is not true for Bi > B 2 > 1.913, 
B 4 > 1.4465, -Bg > eBn -B 4 > 1.4465, -Bi < 2.2436 and Bs < 1.761. 
Hence we have -B 4 < 1.4465. 

Further if-B 2 < 1.9686, then 2 -B 2 + 2 -B 4 + 2-B6 + 2-Bg + 2-Bio + Hii < 11.62. 
So the inequality ( 2 , 2 , 2 , 2 , 2 , 1 )^ gives a contradiction. 

Claim(vi) B 4 < 1.4265 and B 2 > 1.9888 

Suppose -B 4 > 1.4265. We proceed as in Glaim(v) and get a contradiction 
with improved bounds on B 2 and -B 4 . 

Claim(vii) .Bi < 2.2056 
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Suppose Bi > 2.2056. We proceed as in Claim(iv) and get a contradiction 
with improved bounds on i?i, B 2 and i?4. 


Claim(viii) B 2 < 2.025 

Suppose B 2 > 2.025. As B^B^B^ < 1.761 x 1.4265 x 1.3347 < 3.3529, 
we have > 2. Also B^ > eB 2 > 0.9491, so Bq is larger than each 

of By,B 8 ,-- - ,Bii. Hence the inequality (1,4,6*) holds, i.e. Bi + 4i?2 — 
2 B3B4B5 + 6( 51^2^3^455 )^ > 11-62- Left side is an increasing function of 
H3H4H5, a decreasing function of B 2 and an increasing function of Bi. One 
easily checks that this inequality is not true for Bi < 2.2056; B 2 > 2.025 and 
B^Bi^B^ < 3.3529. Hence we have B 2 < 2.025. 


Claim(ix) Bi < 2.1669 

Suppose Bi > 2.1669. We proceed as in Claim(iv) and get a contradiction 
with improved bounds on Bi, B 2 and H4. 

Claim(x) B 4 < 1.403 and B 2 > 2.012 

Suppose H4 > 1.403. We proceed as in Claim(v) and get a contradiction 
with improved bounds on B 2 and H4. 


Final Contradiction: 

As now H3H4H5 < 1.761 x 1.403 x 1.3347 < 3.2977, we have > 2 

for B 2 > 2.012. Also B^ > 5H2 > 0.943 > each of Bt,Bs, ■ ■ ■ , Bn. Hence 
the inequality (1,4,6*) holds. Proceeding as in Claim(viii) we hnd that this 
inequality is not true for Bi < 2.1669; B 2 > 2.012 and H3H4H5 < 3.2977, 
giving thereby a contradiction. 


4.2 2.018 < Bn < 2.1016019 

Here Bi > Bn > 2.018. Therefore using fl2.ip . fl2.2p we have 
Bio = {Bi ■ ■ ■ BgBn)~^ 

< (Bi ■ ■ |Hi ■ iBi ■ eBi • ^eBi • ^eBi ■ \eBi ■ s^Bi ■ Bn)-^ 

= ij^e^Bi^Bn)-^ < (^£^(2.018)^°)"^ < 1.34702. 

Similarly 

i?4 = {BiB 2 BoB^ ■ ■ ■ Bn)~^ < BlBfBn)~^ , which gives B^ < 1.37661. 
Claim(i) Hio < 0.4402 

The inequality (9*, 1,1) gives 9 (;b^^^)^ +-B 10 + -B11 > 11-62. But this in¬ 
equality is not true for 0.4402 < Hio < 1.34702 and 2.018 < Bn < 2.1016019. 
Hence we must have Bio < 0.4402. 

Now we have Bg < |-Bio < 0.58694, Bg < |-Bio < 0.6603, Bj < 2Bio < 
0.8804 and Bq < ^ < 0.93914. 

Claim(ii) Bj < 0.768 
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Suppose B-j > 0.768. Then ^ ( 6 *) 4,1) holds. This gives 

(j) 7 {x) = 6 (a;)^/® + 4 i ?7 — ^B^Bnx + Bn > 11.62, where x = B 1 B 2 ... B^. 
The function 07(a;) has its maximum value at a: = ■ Therefore 

07(a;) < (/) 7 (( ^ 5 ^^J ^/^), which is less than 11.62 for 0.768 < Bj < 0.8804 and 
2.018 < Bn < 2.1016019. This gives a contradiction. 

Now i ?5 < |i ?7 < 1.1521 and B^ < ^ < 1.6385. 

Claim(iii) B 2 < 1.795 

Suppose B 2 > 1.795, then > 2 and > 2. Applying AM- 

GM to the inequality (1,4,4,1,1) we get Bi + AB 2 + 4:Bq + Bio + Bn — 
ijB^B^BiBioBn > 11.62. We find that left side is a decreasing function 
of B 01 so we hrst replace Bq by eB 2 ; then it is a decreasing function of B 2 , so 
we replace B 2 by 1.795 and get that (j)s{Bn) = Bi + 4(1 + e)(1.795) + Bio + 
Bn - y/ {ey{1.795y°BiBioBn > 11.62. Now (jy^iBn) > 0, so (j)s{Bn) < 
max{08(2.O18), 08(2.1016019)}, which can be verified to be at most 11.62 for 
(e)^(1.795) < Bio < 0.4402 and 2.018 < Bi < 2.393347, giving thereby a 
contradiction. 

Claim(iv) B^ < 0.98392 

Suppose i ?5 > 0.98392. We have b 2 ^ 1 b 4 ^ ^ bSIbs ^ 

2Bo > 2{eB^) > Bio- Applying AM-GM to the inequality (4,4,2,1) we get 
4i?i + 4 i? 5 + 4 i ?9 — ‘^^ + Bn — \/ BfB^BgBioBii > 11.62. One can easily check 
that left side is a decreasing function of Bg and Bi so we can replace Bg by sB^ 
and Bi by Bn to get 09 = hEn+4(1+ 5 )^ 5 - - ^/eBf^B^Bio > 11.62. 

Now the left side is a decreasing function of S 5 , so replacing B^ by 0.98392 
we see that 09 < 11.62 for ^(0.98392) < Sio < 0.4409 and 2.018 < Bn < 
2.1016019, a contradiction. 


S3 


> 2 . Also i ?5 > eBi > 0.9458 > each 


Final Contradiction: 

As in Glaim(iv), we have ^^5354 
of Bq, B 7 , • • • , Bio. Therefore the inequality (4, 6 *, 1) holds, i.e. 0io = 4i?i — 
2 S2S3S4 4" ®(b 7 b 7 b 7 b 7 ^)® 4" ^ 11.62. Left side is an increasing function 

of B 2 B 3 B 4 and Bn and decreasing function of Bi. Using B 5 < 0.98392, we 
have i ?3 < |i ?5 < 1.47588 and B 4 < |i ?5 < 1.311894. One easily checks that 
010 < 11.62 for 52^354 < 1.795 x 1.47588 x 1.311894, Bn < 2.1016019 and 
Bi > 2.018. Hence we have a contradiction. □ 


5 Proof of Theorem 1 for n = 12 

Here we have uu = 13, Bi < 712 < 2.5217871. Using fl2.5p . we have /12 = 
0.3376 < Bi 2 < 2.2254706 = mi 2 and using fl2.3p we have BiB^^ < 7 }}, i.e. 
B 2 < it < 2.2254706. 
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The inequality (11*, 1) gives 11.62(i?i2) ii + -B12 > 13. But this is not true 
for 0.4165 < Bi 2 < 2.17. So we must have either B 12 < 0.4165 or B 12 > 2.17. 


5.1 0.3376 < Bu < 0.4165 


Claim(i) Bu < 0.459 

Suppose Bu > 0.459, then Bu > f^ii > 0.34425 and 2Bu > Bu, so 
(10*, 2) holds, i.e. 3ii = > 13. Left side is 

a decreasing function of Bu, so we can replace Bu by 0.459 to hnd that 
3ii < 13 for 0.34425 < Bu < 0.4165, a contradiction. Hence we have 
Bu < 0.459. 

Claim(ii) Bu < 0.5432 

Suppose Bio > 0.5432. From (12.ip . BuBu > and Bu < \Bu- 

Therefore 1(0.5432)^ < BuBu < 0.1912 and > BuBu, so the inequality 

(9*, 3) holds, i.e. + l-^io ~ B 11 B 12 ^ easily checks that 

it is not true noting that left side is a decreasing function of Bu- Hence we 
must have Hio < 0.5432. 

Claim(iii) Bg < 0.6655 

Suppose Bq > 0.6655, then BioBiiBi 2 ^ inequality (8*,4) holds. 

This gives (j)u{,x) = 8(x)^/® + ABg — > 13, where x = B1B2 ... B^. 

The function (j)u{x) has its maximum value at x = (-Is)^, so 012 (a:) < 

0i2((j5-)^) < 13 for 0.6655 < Bg < \Bu < 0.6885. This gives a contra¬ 
diction. 


Using fi2.ip . fi2.2p we have: 

^8 < |5io < 0.8148, H7<^ < 0.9793, Hg < ^ < 1.1589, . . 

S5 < ^ < 1.4198, H4 < < 1.7384, H3 < ^ < 2.0892. ^ 

Claim(iv) B 2 > 1.828, B 4 > 1.426, Bg > 1.019 and Bg > 0.715 

Suppose B 2 < 1.828. Then 2 (B 2 + B 4 + Bg + Bg + Bu + H12) < 2(1.828 -|- 

1.7384-1-1.1589-1-0.8148-1-0.5432-1-0.4165) < 13, giving thereby a contradiction 
to the weak inequality (2, 2, 2, 2, 2, 2)^. 

Similarly we obtain lower bounds on B4, Bq and Bg using (2, 2, 2, 2, 2, 2)^. 


Claim(v) B 2 > 2.0299 

Suppose B 2 < 2.0299. Consider following two cases: 

Case(i) Bg > B 4 

We have Bg > B 4 > 1.426 > each of Bg,-- - ,Bu- So the inequality 
(2,10*) holds, i.e. 4i?i — 10.3(-n4—)i^ > 13. The left side is a decreasing 


function of Bi, so replacing Bi by B 2 we get 2 B 2 + 10.3(-^)io > 13, which 
is not true for B 2 < 2.0299. 

Case(ii) Bg < B 4 
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As -04 > 1.426 > each of S5, • • • ,Si2, the inequality (3,9*) holds, i.e. 
0i3(X) = 4i?i —-^+9(-g^)5 > 13, where X = S2-B3 < min{i?^, (2.0299)(1.7384)} 
= a say. Now 0i3(X) is an increasing function of X for Bi > B 2 > 1.828 and 
so 013 (X) < 013(a), which can be seen to be less than 13. Hence we have 
B 2 > 2.0299. 

Claim(vi) Bi > 2.17 and B^ < 1.9517 

Using fl2.3p we have B 3 < < 1.9648. Therefore B 2 > 2.0299 > each 

of B 3 , ■ ■ ■ , Bi 2 . So the inequality (1,11*) holds, i.e. Bi + 11.62(-^)iT > 13. 

But this is not true for Bi < 2.17. So we must have Bi > 2.17. Again using 
m we have B, < (|fil£)^ < 1-9517. 

Claim(vii) B^ < 1.646 

Suppose H4 > 1.646. From (5.1) and Claims (i)-(iii), we have ^ ^ 

> b^bSbu > 2- Applying AM-GM to the inequality (1,2,4,4,1) 
we get 014 = Bi + 4i?2 —^ + 4i?4 + 4i?8 + B 12 — \/B^B^BiB 2 B^Bi 2 > 13. 

We hnd that left side is a decreasing function of B 2 , B^ and H12. So we 
can replace B 2 by 2.0299, B^ by eB^ and H12 by £^54. Then it turns a 
decreasing function of H4, so can replace H4 by 1.646 to hnd that 0i4 < 13 
for Bi < 2.52178703 and B^ < 1.9517, a contradiction. Hence we have 
Bi < 1.646. 

Claim(viii) Bi < 2.4273 

Suppose Bi > 2.4273. Consider following two cases: 

Case(i) B^ > Bq 

Here B^ > each of Bq, • • ■ , H12 as Bq > eBi > 1.137 > each of Bj, • • • , B 12 . 

Also H2H3H4 < 2.2254706 x 1.9517 x 1.646 < 7.15. So > 2. Hence the 

inequality (4,8*) holds. This gives 4i?i — 4 b^-^Ba 8(-Sii?2-S3i?4)“^A > 13. 

Left side is an increasing function of H2H3H4 and decreasing function of Bi. 

So we can replace H2H3H4 by 7.15 and Bi by 2.4273 to get a contradiction. 
Case(ii) Bq < Bq 

Using (5.1) we have Bq < Bq < 1.1589 and so B^ < ^Bq < 1.5452. Therefore 
> 2 as H2 > 2.0299 and Bq < 1.9517. Also from Claim(iv), Bq > 
1.019 > each of Bj, • • ■ , H12. Hence the inequality (1,4, 7*) holds. This gives 
Bi + 4H2 — 4+ 7{BiB 2 BqB 4 Bq)~^^'^ > 13. Left side is an increasing 
function of BqB^Bq and Bi and a decreasing function of B 2 . One can check 
that inequality is not true for BqB^Bq < 1.9517 x 1.5452 x 1.1589, Bi < 
2.5217871 and for B 2 > 2.0299. 

Hence we must have Bi < 2.4273. 

Claim(ix) Bq < 1.396 

Suppose Bq > 1.396. From (5.1), BqBjBq < 0.925 and < 
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0.104, so we have > 2 and > 2- Applying AM- 

9 r2 

GM to the inequality (1,2,1,4,4) we get Bi + AB2 —^ + B4 + AB^ A- ABg — 
a/ B^BgBiB 2 B^B 4 > 13. We hnd that left side is a decreasing function of 
B2 and Bg. So we replace B2 by 2.0299 and Bg by eB^. Now it becomes 
a decreasing function of B^ and an increasing function of Bi so replacing 
i?5 by 1.396 and Bi by 2.4273, we hnd that above inequality is not true for 
1.522 < B 3 < 1.9517 and 1.426 < B 4 < 1.646, giving thereby a contradiction. 
Hence we must have B^ < 1.396. 

Claim(x) B^ > 1.7855 

Suppose H3 < 1.7855. We have B4 > 1.426 > each of B 5 ,Bq,--- , B12, 

9 

hence the inequality (1,2,9*) holds. It gives 0i5 = Bi + AB 2 -^ + 

9( ^1^263 )^ > 13. It is easy to check that left side of above inequality is 
a decreasing function of B2 and an increasing function of Bi and B^. So 
replacing Bi by 2.4273, B 3 by 1.7855 and B 2 by 2.0299 we get 0i5 < 13, a 
contradiction. Hence we have B^ > 1.7855. 


Claim(xi) B 2 > 2.0733 

Suppose B 2 < 2.0733. We have H3 > 1.7855 > each of i?4,i?5, • • • , B 12 , 

9 r2 t 1 

hence the inequality (2,10*) holds. It gives 0i6 = 4i?i —^ -|- 10.3(;g^)io > 
13. The left side is a decreasing function of Bi and an increasing function of 
H2, so replacing Bi by 2.17 and B 2 by 2.0733 we get 0i6 < 13, a contradiction. 


Claim(xii) B 7 < 0.92 and B^ < 1.38 

Suppose Bj > 0.92. Here we have B^B^Bq < 2.67 and B^BgBig < 0.295, 
so B4B5B6 > 2 and b^bIb^ > > 5i2- Applying 

AM-GM to the inequality (2,4,4,2) we get (pn = ABi — -|- 4H3 -|- AB^ — 

a/ B^BjB 1 B 2 B 11 B 12 + ABii — > 13. We hnd that left side is a decreasing 

function of Bi and Bu. So we can replace Bi by 2.17 and Bn by eBj. Then 
left side becomes a decreasing function of B^ and an increasing function of 
B 2 , so can replace B^ by 0.92 and B 2 by 2.2254706 to see that (pu < 13 for 
1.7855 < H3 < 1.9517 and 0.3376 < B 12 < 0.4156, a contradiction. Hence 
Bj < 0.92. Further B 5 < ^B-j gives B^ < 1.38. 


Claim(xiii) Bq < 1.097 

Suppose Bq > 1.097. 
> 


0.5, so —^ 


( 2 . 0733)3 

4.44 


Here we have B^B^Bq 
> 2 and r, > 2 


< 4.44 and B^BgBg < 
Also 2 ,Big ^ 2 ,6 Bq > Bn- 


B3B4B5 4.44 ^ BrBsBs 

Applying AM-GM to the inequality (1,4,4,2,1) we get 0i8 = Hi -|- 4H2 -|- 
4H6 — a/ B^BgBiBigBiiBn + ABiq — -|- H12 > 13. We hnd that left side 

is a decreasing function of Hio, H12 and Bu. So we can replace Hio by eBq 
and Hi 2 by 0.3376 and Bu by ^Bq. Then left side becomes a decreasing 
function of Bq, so we can replace Bq by 1.097 to hnd that (pis < 13, for 
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2.17 < Bi < 2.4273 and 2.0733 < B 2 < 2.2254706, a contradiction. Hence 
we must have Bq < 1.097. 

Claim(xiv) B^ > Bq and B 2 B 3 B 4 , ^ ^ 

First suppose B^ < Bq, then B^BqBq < 1.646 x 1.097^ < 1.981 and 
^ ^ ^ Bg,--- , Bi 2 . Hence the 

inequality (2,4,6*) holds, i.e. AB^ - gg+4H3-1+ 6(^ > 
13. Now the left side is a decreasing function of Bi and B^ as well; also it is an 
increasing function of B 2 and B/^BqBq. But one can check that this inequality 
is not true for Bi > 2.17, Bq > 1.7855, B 2 < 2.2254706 and B^BqBq < 1.981, 
giving thereby a contradiction. 

Further suppose B 2 B 3 BA — Bq > Bq > 1.019 > each of H7, • • • , B 12 , 

the inequality (4,8*) holds. Now working as in Case(i) of Claim(viii) we get 
contradiction for Bi > 2.17 and H2H3H4 < 2.2254706 x 1.9517 x 1.646 < 
7.14934. 


Claim(xv) Bq < 1.9 and Bq < 2.4056 

Suppose Bq > 1.9, then for B4^BqBq < 1.646 x 1.38 x 1.097 < 2.492, 
> 2. Also By > eBq > 0.89 > each of Bq, ■ ■ ■ , B 12 . Hence the 




B^B^Bq 


inequality (2,4, 6*) holds. Now working as in Claim(xiv) we get contradiction 
for Bi > 2.17, B 2 < 2.2254706, Bq > 1.9 and B^BqBq < 2.492. So Bq < 1.9. 
Further if Bq > 2.4056, then > 2.2254?o6xLrxi.646 > 2, contradicting 

Claim(xiv). 


Claim(xvi) H4 < 1.58 and Bq < 2.373 

Suppose i?4 > 1.58, then for BqBqBy < 1.38 x 1.097 x 0.92 < 1.393, 
bJbIby ^ 2- Also Bq > sBi > 0.74 > each of Bg,--- ,Bi 2 . Hence the 
inequality (1,2,4, 5*) holds, i.e. 0i9 = Hi + 4^2 - ^ + 4H4 - \ bJbIbt + 

^^ BiB 2 B 3 B 4 BsBeBr )^ ^ ^ decreasing function of Bg and H4. 

So we replace Bg by 2.0733 and H 4 by 1.58. Then it becomes an increasing 
function of Hi, Bq and BqBqBj. So we replace Hi by 2.4056, Bq by 1.9 
and BqBqBj by 1.393 to hnd that 0ig < 13, a contradiction. Further if 
Hi > 2.373, then > 2, contradicting Claim(xiv). 

Final Contradiction: 

We have H 3 H 4 H 5 < 1.9 x 1.58 x 1.38 < 4.15. Therefore > 2. Also 

Bq > 1.019 > each of By, ■ ■ ■ , Bu. Hence the inequality (1,4, 7*) holds. Now 
we get contradiction working as in Case(ii) of Claim(viii). 


5.2 2.17 < Bi2 < 2.2254706 

Here Hi > H12 > 2.17. Using fl2.ip . fl2.2p . we have 
Hii = (H1H2 ■ ■ ■HioHi2)-i < (^£«Hf Hi2)-i < 1.8223. 
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Claim(i) Either Bn < 0.4307 or Bn > 1.818 

Suppose 0.4307 < Bn < 1.818. The inequality (10*, 1,1) gives 10.3( g^^^^^^ + 

Bn + Bi 2 > 13, which is not true for 0.4307 < Bn < 1.818 and 2.17 < Bn < 
2.2254706. So we must have either Bn < 0.4307 or Bn > 1.818. 


Claim(ii) Bn < 0.4307 

Suppose Bn > 0.4307, then using Claim(i) we have Bn > 1.818. Now we 
have using (I2T]),(I22]), 

i?2 = {BiB^ ■ ■ - Bn) ^ < (y^e^B^BiBiiBn) This gives B 2 < 1.777. 

B3 = {B^B 2 B^ ■ --Bn)-^ < {l^e^BlBlBnBn)-^. This gives ^3 < 1.487 
S4 = {B 1 B 2 B 3 B 5 ■ ■ ■ Bn)-^ < i^e^BlBfBnBn)-^. This gives S4 < 1.213. 

Bq = (Bi ■ ■ ■ B^B-j ■ ■ - Bn) ^ B^B^BnBn) This gives B^ < 0.826. 

57 = (5i ■ ■ • B^B^ ■ --Bn)-^ < {l^e^B^^BlBnBi 2 )-\ This gives B^ < 0.697. 

Bs = {Bi ■ --B-jBq ■ • < {^e^BiBlBnBi 2 )~^. This gives Bg < 0.559. 

B 9 = {Bi ■ ■ ■ BgBioBnBn) ^ < {-^e^BgBfBnBn) This gives Bg < 0.478. 

-Bio = (-Bi ■ ■ ■ BgBnBn) ^ B^BnBn) ^ < 0.359. 

Therefore we have > 2 and B^ > eBi > 1.01 > each of Bq, • • • , Biq. 

So the inequality (4, 6*, 1,1) holds, i.e. 4i?i —i-g^^^+6(i?ii?2B3i?4i?iii?i2)“^'^® 
+S11 + Bi 2 > 13. Now the left side is an increasing function of B 2 BgBn Bn 
and of Bi 2 as well. Also it is a decreasing function of Bi. So we replace 
B 2 BgB^ by 1.777 x 1.487 x 1.213, Bn by 1.8223, Bn by 2.2254706 and B^ 
by 2.17 to arrive at a contradiction. Hence we must have Bn < 0.4307. 


Claim(iii) Hio < 0.445 

Suppose Hio > 0.445, then 2Biq > Bn- So the inequality (9*, 2,1) holds, 
i.e. 020 = ^ + ^12 > 13. Now for Hio > 0.445, 

Bii > |Bio and H12 > 2.2254706, the left side is an increasing function of 
Hi 2 and a decreasing function of Hio, so replacing Bn by 2.2254706 and Hio 
by 0.445 we hnd that 02o < 13, for |(0.445) < Bn < 0.4307, a contradiction. 
Hence we must have Bn < 0.445. 

Using fi2.ip . fi2.2p we have: 


Bg < |Bio < 0.594, Bg < \Bn < 0.67, Bj < 2Bn < 0.89, 

Be < ^ < 0.9494, H5 < < 1.266, H4 < < 1.4242, (5.2) 

B3 < ^ < 1.899, B2 < gt < 2.0255. 


Claim(iv) Bg < 1.62 

Suppose Bg > 1.62. From (5.2), we have B^B^Bq < 1.712 and BgB^Bn < 
0-178, so > 2 and > 2. Applyin g AM-GM to the in - 

equality (2,4,4,1,1) we get 02i = 4Hi-^+4H3+4H7--^H|i?fi?ii?2Biii?i2 + 
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Bii + Bi 2 > 13. We find that left side is a decreasing function of i?i, Bj and 
Bii. So we can replace Bi by S12, Bj by eB^ and Bu by e'^B^. Then it 
becomes a decreasing function of B^, so replacing B 3 by 1.62 we hnd that 
021 < 13, for 1.6275 < B 2 < 2.0255 and 2.17 < B 12 < 2.2254706, a contra¬ 
diction. Hence we must have B^ < 1.62. 

Claim(v) B 12 > 2.196 

Suppose Bi 2 < 2.196. From(5.2), we have B 2 B 3 B 4 < 4.674 and > 

2. Also i?5 > eBi > 1.01 > each of Bq,--- Therefore the inequality 

(4, 7*, 1) holds, i.e. 022 = 4i?i — I52S3B4 '^(-^1-^2-8354-812) + 5i2 > 13. 

Left side is an increasing function of ^253^4 and of 5i2 as well. Also it is 
a decreasing function of 5i. So we can replace ^253^4 by 4.674, B 12 by 
2.196 and 5i by 2.17 to get 022 < 13, a contradiction. Hence we must have 
5 i2 > 2.196. 

Final Contradiction: 

Now we have 5i > 5i2 > 2.196. We proceed as in Claim(v) and use 
(4, 7*,1). Here we replace ^253^4 by 4.674, 5i2 by 2.2254706 and 5i by 
2.196 to get 022 < 13, a contradiction. □ 

6 Proof of Theorem 1 for n = 13 

Here we have 0213 = 14.455765, 5i < 713 < 2.6492947. Using fl2.5p . we have 

/i3 = 0.3113 < 5i 3 < 2.348593 = mi3 and using (12.3p we have B 2 < 712 < 
2.348593. 

Claim(i) 5i3 < 0.3878 

Suppose 5 i 3 > 0.3878. The inequality (12*, 1) gives 13(5i3)^ + 5i3 > 
14.455765. But this inequality is not true for 0.3878 < 5i3 < 2.348593. So 
we must have 5i3 < 0.3878. 

Claim(ii) 5i2 < 0.4353 and Bn < 0.5804 

Suppose Bi 2 > 0.4353, then 5i3 > |5i2 > 0.3264 and 25i2 > B 13 , so 
(11*, 2) holds, i.e. 11.62(-g^j^)i^-|-45i2 —> 14.455765, which is not true 
for 5 i 2 > 0.4353 and 0.3264 < B 13 < 0.3878. Hence we have 5i2 < 0.4353. 
Further Bn < |5i2 < |(0.4353) < 0.5804. 

Claini(iii) 5io < 0.5942; Hg < 0.8913; B^ < 1.2677 and B^ < 1.9016 

Suppose 5io > 0.5942, then ^ inequality (9*,4) 

holds. This gives 0i(a:) = 9a:^/® -|- 45io — \BIqX > 14.455765, where x = 

B 1 B 2 ... Bg. The function ^jJl(x) has its maximum value at x = (- hb -)®, so 

-^10 

0i(x) < 0i((;^)5) < 14.455765 for 0.5942 < B^ < ^Bu < |(0.4353) < 
0.653. This gives a contradiction. Hence we have Biq < 0.5942. 
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Further Bq < f^io < 0.8913, Bq < ^ < 1.2677 and B^ < < 1.9016. 

Claim(iv) Bg < 0.74 and B^ < 1.5788 

Suppose Bg > 0.74, then ^ inequality (8*, 4,1) holds, 

i.e. iIj 2 {x) = 8x^^^+4:Bg — ^BgBi 3 X+Bi 3 > 14.455765, where x = B 1 B 2 ... B^. 
The function t/’2(a^) has its maximum value at a; = ( )7, so 'ip 2 {x) < 

-Og i>13 ' 

< 14.455765 for 0.74 < Bg < |5io < |(0.5942) < 0.793 and 
eBg < i?i3 < 0.3878. This gives a contradiction. Hence Bg < 0.74. and 

5 < Sg < i_5733_ 

— £ 


Claim(v) B^ < 1.088 

Suppose Bj > 1.088, then 




Bs BqBio 


> 2. Also Bii > eBj > 0.5 and 


Hi 2 i?i 3 < 0.4353 X 0.3878 < 0.169, we hnd B^^ > i?i 2 i?i 3 . So the inequality 
( 6 *, 4, 3) holds. This gives t/’ 3 (a^) = 6 a;^/® + 4 H 7 — |H|HiiHi 2 i?i 3 a; + 4Hii — 
> 14.455765, where x = B 1 B 2 ... Bq. The function 'ip 3 {x) has its 




B12B13 


maximum value at a; = ( „ p —5— 


)5, so ^/J 3 {x) < 


4i?7 + 5(-^ 


-)5+4Hn- 






B 12 B 13 = ^11 ^ ^^7 > 0.5 

and i?i 2 i?i 3 < 0.169, we hnd that x'(Hii) < 0, so x{Bn) < < 

14.455765 for 1.088 < Bj < \Bg < |(0.74) < 1.11 and \{eB^f < B12B13 < 
0.4353 X 0.3878. This gives a contradiction. 


Claim(vi) B 2 > 1.942, H4 > 1.538, Bq > 1.103 

Suppose i?2 < 1.942. Then 2(i?2 + B^ + Bq + B^ + Big + B 12 ) + i?i3 < 
2(1.942 + 1.9016 + 1.2677 + 0.8913 + 0.5942 + 0.4353) + 0.3878 < 14.455765, 
giving thereby a contradiction to the weak inequality (2, 2, 2, 2, 2, 2,1)^^, . 
Similarly we obtain lower bounds on B^ and Bq using (2, 2, 2, 2, 2, 2,1)^. 

Claim(vii) B 2 > 2.12 

Suppose B 2 < 2.12. Now we can take B 4 > 1.72, for if B 4 < 1.72, then 
2(i?2 + B 4 + Bq + Bg + Big + H12) + Big < 2(2.12 + 1.72 + 1.2677 + 0.8913 + 
0.5942 + 0.4353) + 0.3878 < 14.455765, giving thereby a contradiction to 
(2, 2, 2, 2, 2, 2,1)^. So we have B 4 > 1.72 > each of Bq,-- - ,i?i3. Consider 
following cases : 

Case(i) Bg > B 4 

Here H 3 > H 4 > each of Bq, - - - , Bgg. So the inequality (2,11*) holds, i.e. 
4Hi — + 11.62(-g^)TT > 14.455765. The left side is a decreasing function 

of Bi, so replacing Bg by B 2 we get 2 B 2 + 11.62(^)i^ > 14.455765, which is 
not true for 1.942 < B 2 < 2.185. 

Case(ii) Bg < B 4 

Here Bg < B 4 < 1.9016. As B 4 > each of Bq,-- - ,Big, the inequality 
(3,10*) holds, i.e. = 4Hi — ^ 14.455765, where X = 

B 2 Bg < a = min{H 4 , (2.12)(1.9016)}. Now 'iPa{X) is an increasing function 
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of X for 1.942 < Bi < 2.6492947 and X < a. Therefore 'ip^i^X) < 
which can be seen to be less than 14.455765, a contradiction. 

Hence we have B 2 > 2.12. 

Claim(viii) Bi > 2.348593 

Using fl2.3p . we have B 3 < < 2.088. So B 2 > 2.12 > each 

of i?3 , • • • ,Hi 3, which implies that the inequality (1,12*) holds, i.e. Bi + 
13(-^)ii > 14.455765. But this is not true for Bi < 2.348593. So we must 
have Hi > 2.348593. 

Claim(ix) H3 > 1.865 

Suppose H3 < 1.865. Consider following cases : 

Case(i) H 4 > H 5 

As H4 > 1.538 > each of Hg, • • • ,Hi3, the inequality (1,2,10*) holds, i.e. 
-05 = Hi + 4H2 —^ + 10.3(-g^-2^)To > 14.455765. It is easy to check that 
"05 is a decreasing function of H2 and an increasing of Hi. So we replace H2 
by 2.12 and Hi by 2.6492947 and hnd that 05 < 14.455765 for H3 < 1.865, a 
contradiction. 

Case(ii) H 4 < H 5 

We have H4 < H5 < 1.5788 and H3 < 1.865. So ^ -^6 > 

1.103 > each of H 7 , • • • ,Hi 3 . So the inequality (1,4,8*) holds, i.e. 06 = 
Hi + 4H2 — I 8 (HiH 2H3H4H5)“^/® > 14.455765. 06 is an increasing 

function of H 3 H 4 H 5 and Hi as well and a decreasing function of H 2 . A 
simple calculation gives 06 < 14.455765 for H 3 H 4 H 5 < 1.865 x 1.5788^, Hi < 
2.6492947 and for H2 > 2.12, a contradiction. 

Hence we have H3 > 1.865. 

Using (Q we hnd H4 < (g^)^ < ( (2.34859™i%a-865) < 1-812. 

Claim(x) H2 > 2.2366 

Suppose H2 < 2.2366. As H3 > 1.865 > each of H4, • • ■ , H13, the inequal¬ 
ity (2,11*) holds, i.e. 4Hi — ^ -|- 11.62(.g^)i^ > 14.455765, which is not 
true for Hi > H2 and 2.12 < H2 < 2.2366. 


Claim(xi) H3 > 1.917 and H5 > 1.278 

Suppose H3 < 1.917. We work as in Claim(ix) and get a contradiction. 
Hence we have H3 > 1.917 and H5 > IH3 > 1.278. 

Also using (O, we hnd H4 < ( (2.348£3)?2S)(i.9i7) < 1-7969. 

Claim(xii) Hi < 2.57 

Suppose Hi > 2.57. Using (12. 3 h we get H2 < < 2.3311, H3 < 


4^^IT < 2.042 and H4 < < 1.7808. So > 2. Also 


S3 


'^BiB2B3'' * * B2B3B4, 

H5 > 1.278 > each of Hg, • • • , H13. So the inequality (4, 9*) holds, i.e. 4Hi 


1 Bf 


2 S2S3S4 


-|- 9 (HiH 2H3H4) > 14.455765. Left side is an increasing function 
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of -B2-B3-B4 and a decreasing fnnction of Bi. One can check that ineqnality is 
not trne for 52-B3-B4 < 2.3311 x 2.042 x 1.7808 and for Bi > 2.57. Hence we 
have Bi < 2.57. 

Claim(xiii) B^ < 1.522 

Snppose H5 > 1.522. As > 2 and > bJHb,, > 2, the 

ineqnality (2,2,4,4,1) holds. This gives 4Hi-^+4^3-^+4^5-+ 
4H9 — \ biqbIiBi 2 ^ 14.455765. Applying AM-GM ineqnality we get 

V>7 = 4Hi - ^ + 4^3 - ^ + 4^5 + 4^9 + Hi3 - > 

14.455765. As Bi > 2.348593, B 2 > 2.2366, B 3 > 1.917, 1.538 < H4 < 
1.7969, B 5 > 1.522, Bg > eB^ and e^B^ < B 13 < 0.3878, we hnd that ijjj is a 
decreasing fnnction of i?i, H3, Bg and H13. So we can replace Bi by 2.348593, 
B 3 by 1.917, Bg by eB^ and H13 by e'^B^. Now left side becomes a decreasing 
fnnction of B^, so replacing B^ by 1.522 we hnd that < 14.455765 for 
2.2366 <B 2 < 2.348593 and 1.538 < H4 < 1.7969. Hence B 5 < 1.522. 

Claim(xiv) B 2 < 2.278 

Snppose B 2 > 2.278. Using fl2.3p we get B 3 < < 2.055. Also 

H5 < 1.522. So bSIbs, ^ 2- Also Bq > 1.103 > each of Bj, • • ■ , H13. So the 
ineqnality (1,4, 8*) holds. Proceeding as in Case(ii) of Claim(ix) we hnd that 
the ineqnality is not trne for B^B^^^B^ < 2.055 x 1.7969 x 1.522, Bi < 2.57 
and for B 2 > 2.278. Hence we have B 2 < 2.278. 

Claim(xv) B 3 < 1.96 

Snppose B 3 > 1.96, then b!^^b& ^ 2- Also B-j > eB^ > 0.9187 > each 

9 R2 

of Bs,--- ,Bi 3 . So the ineqnality (2,4,7*) holds, i.e. 4i?i —^ + 4H3 — 

1 BislBe 4" '^(-^1-^2-83-84-85-86)”^^^ > 14.455765. Left side is an increasing 
fnnction of B^B^Bq and B 2 as well. Also it is decreasing fnnction of Bi 
and B 3 as well. One can check that ineqnality is not trne for B^^B^B^ < 
1.7969 X 1.522 x 1.2677, B 2 < 2.278, Hi > 2.348593 and for H3 > 1.96. Hence 
we have B 3 < 1.96. 

Final Contradiction: As > 1.96^1^969x1.522 > 2, we get contradic¬ 

tion nsing the ineqnality (1,4,8*) and working as in Claim(xiv). □ 

7 Proof of Theorem 1 for n = 14 

Here we have cju = 15.955156, Hi < 714 < 2.7758041. Using fl2.5p . we 
have /i4 = 0.2878 < H14 < 2.4711931 = mi4 and nsing (12.3p . we have 
-82 < 7S < 2.4711931. 

Claim(i) H14 < 0.3789 
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The inequality (13*, 1) gives 14.455765(-Bi4) 13 + > 15.955156, which 

is not true for 0.3789 < i?i4 < 2.4711931. So we must have B 14 < 0.3789. 

Claim(ii) Bi^ < 0.4183 and Bu < 0.62745 

Suppose i?i3 > 0.4183, then B 14 > |i?i3 > 0.3137 and 2 B 13 > B 14 , so 
(12*, 2) holds, i.e. 13(-g^jg^)i^ + 4i?i3 — > 15.955156, which is not true 

for i?i3 > 0.4183 and 0.3137 < Bu < 0.3789. Hence we have H13 < 0.4183 
and Bu < < 0.62745. 

Claim(iii) Bu < 0.4994 

Suppose Bi 2 > 0.4994, then B^ > B^Biu so (11*, 3) holds, i.e. 
11.62(-g^j^j^) + 4i?i2 — ^ 15.955156. Left side is a decreasing 

function of B^. Replacing Bu by 0.4994 we get 11.62( ^^^ 4994)^513514 )^ + 

4(0.4994) — > 15.955156, which is not true for |(0.4994) < \Bu < 

Ri 3 < 0.4183 and |(0.4994) < \Bu < Bu < 0.3789. Hence we must have 
Bu ^ 0.4994. 

Claim(iv) Rio < 0.669; Rg < 1-0035; Rg < 1.4273; R4 < 2.1409 

Suppose Rio > 0.669, then BubUbu ^ inequality (9*, 4,1) 

holds. This gives ipsix) = 9a;^/® + 4Rio — ^BfgBux + R14 > 15.955156, 
where x = R1R2... Rg. The function ipslx) has its maximum value at a; = 
so Mx) < = 45io + 8(;b5^)5 + Ri4 < 15.955156 

for 0.669 < Rio < |Ri 2 < §(0.4994) < 0.75 and eRio < Rm < 0.3789. This 
gives a contradiction. 

Further Rg < |Rio < 1.0035, Re < ^ < 1.4273 and R4 < < 2.1409. 

Claim(v) Rg < 0.8233; R7 < 1.23495; R5 < 1.7565 

Suppose Rg > 0.8233, then BioBiiBi 2 ^ 2R13 > 2{eBg) > 

0.77 > R14. So the inequality (8*, 4, 2) holds. This gives 'ipg^x) = Sx^^ + 
4Rg — ^BgBuBux + 4Ri3 — > 15.955156, where x = B 1 B 2 . ■ ■ Bg. 

The function 'ijjg{x) has its maximum value at a; = s° ' 4 ’ 9 i^) < 

^^(( bIbIbJ ^) = 4^9 + + 4^13 - which is a decreasing 

function of R13, so for R13 > eBg we have 'ipgix) < 4(1 + e)Rg + 7( “ 

< 15.955156 for 0.8233 < Rg < |Rio < |(0.669) < 0.892 and 
j^Bg < Ri 4 < 0.3789. This gives a contradiction. 

Further R7 < fRg < 1.23495 and R5 < ^ < 1.7565. 

Claim(vi) R2 > 1.858, R4 > 1.599, Rg > 1.182 

Suppose R2 < 1.858. Then 2(R2 + R4 + Rg + Rg + Rio + R12 + Bu) < 
2(1.858 + 2.1409 + 1.4273 + 1.0035 + 0.669 + 0.4994 + 0.3789) < 15.955156, 
giving thereby a contradiction to the weak inequality (2, 2, 2, 2, 2, 2, 2)^^,. 
Similarly we obtain lower bounds on R4 and Rg using (2, 2, 2, 2, 2, 2, 2)^. 
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Claim(vii) B 2 > 2.24 

Suppose B 2 < 2.24. Here we can take H4 > 1.759, because if B^ < 1.759, 
then 2(^2 + H4 + Hg + Hg + B^ + B 12 + B^) < 2(2.24 + 1.759 + 1.4273 + 
1.0035 + 0.669 + 0.4994 + 0.3789) < 15.955156, giving thereby a contradiction 
to (2, 2, 2, 2, 2, 2, 2)^. So we have H4 > 1.759 > each of S5, • • • ,i?i4. Also 
using (EHD we hnd H4 < (;^)^ < ((3^)^ < < 2-05586. 

Consider following cases: 

Case(i) B^ > B^ 

Here B^> Bi> each of H5, • • ■ , H14. So the inequality (2,12*) holds, i.e. 
4i?i —^ + 13(;g^)T2 > 15.955156. The left side is a decreasing function of 


Hi, so replacing Hi by H 2 we get 2 H 2 + 13(-^)i2 > 15.955156, which is not 
true for 1.858 < H 2 < 2.33. 

Case(ii) H 3 < H 4 

As H 4 > each of H 5 , • • • , H 14 , the inequality (3,11*) holds, i.e. 'i/'io(-A) = 
4Hi — + ll-62(;g^)^ > 15.955156, where X = H 2 H 3 < a = min{H^, 

B? 11.62lXlO^ + ^ 


(■g 3 T)ii) > 0 for Hi > H 2 > 


(2.24)(2.05586)}. Now “ n 

1.858 and X < a. Therefore we have 'i/jio{X) < V’io(«) < 15.955156. 
Hence we have H 2 > 2.24. 


Claim(viii) Hi > 2.471194 

Using fl2.3p we hnd H 3 < 2.20463. So H 2 > 2.24 > each of H 3 , • • • , H 14 , 


which implies that the inequality (1,13*) holds, i.e. Hi + 14.455765(-^) 13 > 

15.955156. But this is not true for Hi < 2.471194. Therefore Hi > 2.471194. 

Claim(ix) H3 > 1.998 

Suppose H3 < 1.998. We have H4 > 1.599 > each of Hg, • • • , H14. Con¬ 
sider following cases: 

Case(i) H 4 > H 5 

Here the inequality (1,2,11*) holds, i.e. Hi +4H2 — + 11.62(-g^-^^)i^ > 

15.955156. It is easy to check that the left side is a decreasing function of 
H2 and an increasing of Hi and H3 as well. So we replace H2 by 2.24, Hi by 
2.7758041 and H3 by 1.998 and get a contradiction. 

Case(ii) H4 < H5 and Hi < 2.66 

Here H4 < Hg < 1.7565 and Hg > H4 > each of Hg, • • • , H14. So the inequal¬ 
ity (1,2,1,10*) holds, i.e. Hi + 4H2 - ^ + H4 + 10.3(HiH2H3H4)-Cio > 

15.955156. Left side is an increasing function of H4, H3 and Hi. Also it is a 
decreasing function of H2. So we replace H4 by 1.7565, H3 by 1.998, Hi by 
2.66 and H2 by 2.24 to get a contradiction. 

Case(iii) H4 < Hg and Hi > 2.66 


Here 


B? 


B2B3i?4 


> 2 and Hg > H 4 > each of Hg, • • ■ , H 14 . So the inequal¬ 


ity (4,10*) holds, i.e. 4Hi — 


1 Bf 


2 B2B3B4 


+ 10.3(HiH2H3H4)-^Ao > 15.955156. 
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Left side is an increasing function of -B 2 -B 3 -B 4 and a decreasing function of 
Bi. But one can check that the inequality is not true for Bi > 2.66 and 
5253^4 < 2.471194 X 1.998 x 1.7565. 

Hence we must have B^ > 1.998. 

Using fl2.3p we hnd i ?3 < 2.18665, i ?4 < 1.92362 and B^ < 1.69842. 
Claim(x) B 2 < 2.4266 

Suppose B 2 > 2.4266. We have Bq > 1.182 > each of Bg,--- ,Hi 4 . 
Consider following cases: 

Case(i) Bq > Bj 

Here Bq > each of Bj, • • ■ , B 14 and ^ inequality (1, 4, 9*) 

holds, i.e. Bi + 4^2 - + Q{BiB 2 B^BiB^)-^/^ > 15.955156. Left 

side is an increasing function of B^B^B^ and Bi as well and a decreasing 
function of B 2 . One can check that inequality is not true for H 3 H 4 H 5 < 
2.18665 X 1.92362 x 1.69842, B^ < 2.7758041 and for B 2 > 2.4266. 

Case(ii) Bq < Bj 

Here Bq < Bj < 1.23495, Bq < ^Bq < 1.6466 and B^ < ^Bq < 1.8525. So 
^ B-j > Bq> each of Hg, • • • , H 14 . So the inequality (2,4, 8 *) 

holds, i.e. = 4Hi - M + 4^3 - \b^, + KBiB^BqB.BqBq)-^/^ > 
15.955156. Left side is an increasing function of B^BqBq. Also it is decreasing 
function of Bi and Bq as well. We replace B^^BqBq by 1.8525 x 1.6466 x 
1.23495, Bq by 1.998 and Bi by B 2 to hnd that -011 < 15.955156 for 2.24 < 
B 2 < 2.4711931, a contradiction. 

Claim(xi) B 2 > 2.372 and Bi < 2.635 

First suppose B 2 < 2.372. As Bq > 1.998 > each of H 4 , • • ■ ,Hi 4 , the 
inequality (2,12*) holds, i.e. = 4Hi — > 15.955156. 

is a decreasing function of Bq, so for Bi > 2.471194, 'ipi 2 {Bi) < 
'^ 12 ( 2 . 471194 ) < 15.955156 for 2.24 < B 2 < 2.372. So we must have B 2 > 
2.372. 

Further if Bi > 2.635, then 'ipui^Bi) < '012(2.635) < 15.955156 for 2.24 < 
B 2 < 2.4266. So we must have Bi < 2.635. 

Claim(xii) Bq < 2.097 

Suppose Bq > 2.097. We have B^ > eBq > 0.9829 > each of Hg, • • • , S 14 . 
Consider following cases: 

Case(i) Bj > Bq 

Here Bj > each of Bg, - ■ ■ , B 14 . Using (12. 3 p we have S 4 < 1.90524 and 
Bq < 1.68058. Also Bq < 1.4273. So b^^Bq ^ which implies that the 
inequality (2,4,8*) holds. Now proceeding as in Case(ii) of Claim(x) we 
get contradiction for B^BqBq < 1.90524 x 1.68058 x 1.4273, B 2 < 2.4266, 
Bi > 2.471194 and for Bq > 2.097. 
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Case(ii) B-j < Bg 

Here Bj < Bg < 1.0035, Bq < \Bj < 1.338 and B^ < \B^ < 1.50525. 
So > 2 . Also Bg > Bj > each of Hg, • • • , H 14 . So the inequality 

(1, 2,4, r) holds. This gives Hi+ 4 H 2 -^+ 4 H 4 -i;BjJ^+ 7 (Hi---H 7 )-'/^ > 
15.955156. It is easy to check that left side of this inequality is a decreasing 
function of B 2 and H 4 . Also it is increasing function of B^BqB-j, Bi and 
Bg. But the inequality is not true for B 2 > 2.372, H 4 > 1.599, Hi < 2.635, 
Bg < 2.18665 and B^B^B-j < 1.50525 x 1.338 x 1.0035. 


Claim (xiii) H4 < H5 

Suppose H 4 > H 5 . 
inequality ( 1 , 2 , IH 


Also H 4 > 1.599 > each of Ha 


■ , H 14 . So the 

holds, i.e. H 1 + 4 H 2 —^^ + 11.62(-g^-A^)TT > 15.955156. 
It is easy to check that the left side is a decreasing function of H 2 and an 
increasing of Hi and Bg as well. So we replace H 2 by 2.372, Hi by 2.635 and 
Bg by 2.097 and get a contradiction. Hence we have H 4 < Bg. 


Final Contradiction: 

Using fl2.3p we have Bg < 1.68872. Also H 4 < Bg, i.e. 1.599 < B 4 < Bg < 
1.68872. It also gives Bg > 1.599 > each of Bq, ■ ■ ■ ,Hi 4 . So the inequality 
(2, 2,10*) holds, i.e. 4Hi - ^ + 4 H 3 - ^ + 10.3(;g^^^)w > 15.955156. 
Now the left side is a decreasing function of Hi and Bg. Also it is an increasing 
function of H 2 and H 4 . But this inequality is not true for Hi > 2.471194, 
Bg > 1.998, H 2 < 2.4266 and H 4 < 1.68872. □ 


8 Proof of Theorem 1 for n = 15 

Here we have ujig = 17.498499, Hi < 715 < 2.90147763. Using ([23]) we have 
lig = 0.2667 < Hi 5 < 2.5931615 = rriig. Using fl2.3p we have H 2 < 714 < 
2.6931615 and < a.,( 3 / 4 )f | 2 / 3 )b. < % ^ ( 27 M)* < 

(2(2.52178703)^2)1^ < 2.195. 

Claim(i) H 15 < 0.3705 

The inequality (14*, 1) gives 15 . 955156 (Hi 5 )Tr + H 15 > 17.498499, which 
is not true for 0.3705 < H 15 < 2.5931615. So we must have H 15 < 0.3705. 

Claim(ii) H 14 < 0.4101 

Suppose Hi 4 > 0.4101, then H 15 > |Hi 4 > 0.3075 and 2 H 14 > H 15 , so 
(13*, 2) holds, i.e. 14.455765(;g^)H+4Hi4 - ^ > 17.498499. But this is 
not true for H 14 > 0.4101 and 0.3075 < H 15 < 0.3705. Hence H 14 < 0.4101. 

Claim(iii) H 13 < 0.4813 

Suppose Hi 3 > 0.4813, then Bf^ > H 14 H 15 , so (12*, 3) holds, i.e. 
13 (-g^jA__)i 3 -|- 4 Hi 3 — > 17.498499. Left side is a decreasing function 
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of -B13. Replacing R13 by 0.4813 we get 13( (oisTsysR^)4(0.4813) — 
^ 17.498499, which is not true for |(0.4813) < < 0.4101 and 

I(0.4813) < i?i5 < 0.3705. Hence we must have R13 < 0.4813. 

Claim(iv) B12 < 0.5553 

Suppose Bi2 > 0.5553, then BisbUbis ^ inequality (11*, 4) 

holds. This gives 'il^ui^x) = 11.62(x)^/^^ + 4Ri2 — ^Bf2X > 17.498499, where 
X = B1B2 ... Bii. The function '^13(0;) has its maximum value at a; = (44^ x 
-^)^, so i’l'iix) < V’i3((H^ X ■^)^) < 17.498499 for 0.5553 < B12 < 

|£i4 < 0.616. 

Claim(v) B^ < 0.6471; £9 < 0.97065; Bj < 1.38054 

Suppose Rii > 0.6471, then > 2. So the inequality (10*, 4,1) 

holds. This gives ^’14(2^) = 10.3x^/^° + 4Rii — \B\^Bi^x + R15 > 17.498499, 
where x = B1B2... Biq. The function '014(3^) has its maximum value at 
X = (1^ X so V’i4(a:) < '0 i4((4^ X B^^)^) < 17.498499 for 

0.6471 < Rii < |i?i3 < 0.72195 and eBu < £15 < 0.3705. This gives a 
contradiction. 

Further £9 < |£ii < 0.97065 and £7 < ^ < 1.38054. 


Claim(vi) £10 < 0.7525; £§ < 1.12875; £5 < 1.6055 


Suppose £10 > 0.7525, then 


n3 

^IQ 


> 


(0.7525)'^ 


> 2 . Also 


B11B12B13 0.6471x0.5553x0.4813 

2 £i 5 > 2(e£io) > 0.7 > £ 15 . So the inequality (9*, 4, 2 ) holds. This gives 


'015(a;) = + 4£io - \BIqBhBi^x + 4£i4 - 


2^49^14^10^ I —14 -§^ > 17.498499, where x = 

B1B2 ... £9. The function 0 i5(a;) has its maximum value at x = ( gs BuBis ')^^ 

so 0 i 5 (x) < = 4£io + + 4£i 4 - which 

is a decreasing function of £44, so for £44 > e£io we have 015 (x) < 4(1 + 
£)£40 + 8 (^^b^^)^ — ’ which is less than 17.498499 for 0.7525 < £10 < 

1(0.5553) < 0.833 and |££io < £15 < 0.3705. This gives a contradiction. 


Further £s < |£io < 1.12875 and £« < ^ < 1.6055. 


6 ^ 


Claim(vii) £2 > 1.916, £4 > 1.644, Bq > 1.249 and £5 < 1.96235 

Suppose £2 < 1.916. Then 2(£2 + £4+ £0+ £3+ £10 T 7?42 + £14)+£15 < 
2(1.916 + 2.195 + 1.6055 + 1.12875 + 0.7525 + 0.5553 + 0.4101) + 0.3705 < 
17.498499, a contradiction to the weak inequality (2, 2, 2, 2, 2, 2, 2, l)i„. 
Similarly we obtain lower bounds on £4 and Bq using (2, 2, 2, 2, 2, 2, 2,1)^. 
Also using (O, we hnd £5 < < 1.96235. 

Claim(viii) £3 > 1.6; £5 < 1.9449; £4 < 2.15477 

Suppose £3 < 1.6, then £2 < |£3 < 2.134. Therefore 2 B 2 + £3 + 2 {B^ + 
£7 + £9 + £11 + £13 + ^ 15 ) < 2(2.134) +1.6 + 2(1.96235 +1.38054 + 0.97065 + 
0.6471 + 0.4813+0.3705) < 17.498499, a contradiction to (2,1, 2, 2, 2, 2, 2, 2)^. 
Now using we hnd £5 < 1.9449 and £4 < 2.1547. 
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Claim(ix) B 2 > 2.384 

Suppose B 2 < 2.384. Consider following cases: 

Case(i) Eg > 2.15477 

Here H 3 is larger than each of H 4 , • • • , H 15 . So the inequality (2,13*) 
holds, i.e. 4i?i — ^ + 14.455765> 17.498499, which is not true for 
Bi > B 2 and 1.916 < B 2 < 2.45. 


Case(ii) H 3 < 2.15477 and H 4 > B^ 

As i ?4 > H 5 and B^ > 1.644 > each of Bq, • • • , H 15 , the inequality (3, 12 *) 
holds, i.e. = ABi — + 13(-n^) > 17.498499, where X = H 2 -B 3 < 




a = mm{Bl (2.384)(2.15477)}. Now 'ip'ieiX) = ^ - 1|( 


1 


))^ = 5(i- 


> 0 for Bi > B 2 > 1.916 and X < a. Therefore 'ipi^lX) < '016(a), 
which can be seen to be less than 17.498499. 

Case(iii) B^ < 2.15477 and B^ < B^ 

Here B^ > B 4 > each of Bq, • • ■ , H 15 . Therefore the inequality (2, 2,11*) 
holds, i.e. ABi - ^ + AB^ - ^ + > 17.498499. Left 

side is a decreasing function of Bi, so replacing Bi by B 2 we get 2 B 2 + 
4 i ?3 — ^ + 11 . 62 (-g 5 A_^iT > 17.498499. Now the left side is an increasing 
function of H 2 , so replacing B 2 by 2.384 we find that the inequality is not 
true for 1.6 < H 3 < 2.15477 and 1.644 < B 4 < B 5 < 1.9449. 

Hence we must have B 2 > 2.384. 


Claim(x) Bi > 2.5931615 and B^ < 1.8575 

Using fl2.3|) we hnd B 3 < 2.318. So B 2 > 2.384 > each of B 3 , • • • , H 15 , 
which implies that the inequality (1,14*) holds, i.e. Bi + 15.955156(-^)i4 > 
17.498499. But this is not true for Bi < 2.5931615. So we must have Bi > 
2.5931615. 

Now using fl2.3p we hnd B^ < 1.8575. 

Claim(xi) B 3 > 2.133 

Suppose i ?3 < 2.133. Consider following cases: 

Case (I) B 4 > H 5 

As B 4 > 1.644 > each of He, • • • ,Hi 5 , the inequality ( 1 , 2 , 12 *) holds, i.e. 

Hi + 4 H 2 — ^ 17.498499. The left side is a decreasing 

function of H 2 and an increasing of Hi and H 3 as well. So we replace H 2 by 
2.384, Hi by 2.90147763 and H 3 by 2.133 and get a contradiction. 

Case(II) H 4 < H 5 and Hi < 2.8 

We have 1.644 < H 4 < H 5 < 1.8575. It implies H 5 > 1.644 > each of 

He, • • • ,Hi 5 . So the inequality (1,2,1,11*) holds, i.e. '0i7 = Hi + 4 H 2 — 

^ + H 4 + 11 . 62 (HiH 2 H 3 H 4 )“^Ai > 17.498499. ipn is an increasing function 
of H 4 and H 3 . Also it is a decreasing function of H 2 . So we replace H 4 
by 1.8575, H 3 by 2.133, H 2 by 2.384 and hnd that 'ipn < 17.498499 for 
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2.5931615 <Bi< 2.8. 

Case(III) i?4 < i?5 and Bi > 2.8 

Here again B 4 < B^ < 1.8575 and B^ > B 4 > 1.644 > each of Bq, • • • , B 14 . 
Also > 2.594X20^X1.8575 > 2- So the ineqnality (4, IF) holds, i.e. 

4i?i — I b 2 ^ 1 b 4 +ll-62(i?ii?2H3i?4)~^A^ > 17.498499. Left side is an increasing 
fnnction of B 2 B^B 4 and a decreasing fnnction of Bi. Bnt one can check that 
the ineqnality is not trne for Bi > 2.8 and B 2 B 2 B 4 < 2.594 x 2.133 x 1.8575. 
Hence we mnst have H3 > 2.133. 


Using O we hnd H3 < 2.30289, B 4 < 2.03406 and H5 < 1.80946. 
Claim(xii) B 2 > 2.49 

Snppose B2 < 2.49. As H3 > 2.133 > each of B4, • • • , H15, the ineqnality 
(2,13*) holds, i.e. i^isiBi) = 4Hi - ^ + 14.455765 (;^)t 3 > 17.498449. 
Bnt < V>i 8(2.5931615) < 17.498499 for 2.384 < H2 < 2.49. Hence 

B 2 > 2.49. 


Claim(xiii) B 4 > 1.883; B^ < 1.78611 

Snppose B 4 < 1.883. We have B^ > |i?3 > |(2.133) > 1.422 > each of 
Bj, • • • , i?i5. Consider following cases: 

Case(I) i?5 > Bq 

Here the ineqnality (2,2,11*) holds, i.e. 'ipig = ABi — + ABs — + 

ll-62(;B7BiW^)^ > 17.498499. Now the left side is a decreasing fnnction 
of Bi and B 3 , so we replace Bi by B 2 and B^ by 2.133 and then hnd that 
< 17.498499 for 2.49 < B 2 < 2.5931615 and 1.644 < B 4 < 1.883. 
Case(II) H5 < Bq 

Here Bq > Bq > each of H7, • • • ,Biq. Also Bq < Bq < 1.6055. Therefore 
> 2. So the inequality (1,4,10*) holds, which gives Bi + 4i?2 — 

I bsbIbs a BiB 2 B 3 B 4 Bs ')^ ^ 17.498499. Now the left side is a decreasing 
fnnction of B 2 and an increasing fnnction of Bi and H3H4H5. One can check 
that ineqnality is not trne for B 2 > 2.49, Bi < 2.90147763 and B 3 B 4 BQ < 
2.30289 X 1.883 x 1.6055. Hence we mnst have B4 > 1.883. 

Farther nsing fl2.3p we hnd Bq < 1.781. 

Claim(xiv) B 2 < 2.5585 

Snppose B2 > 2.5585. We have Bq > 1.249 > each of Hg, • • • , Biq. 
Consider following cases: 

Case(I) Bq > Bj 

We have > 2, so the ineqnality (1,4,10*) holds. Working as in Case(H) 

of Claim(xiii) we here get contradiction for B 2 > 2.5585, Bi < 2.90147763 
and B 3 B 4 BQ < 2.30289 x 2.03406 x 1.781. 
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Case(II) Bq < Bj and B^ < 2.2 

As i ?4 > 1.883 > each of S 5 , • • ■ ,i?i 5 , the inequality ( 1 , 2 , 12 *) holds. Here 
working as in Case(I) of Claim(xi) we get contradiction for B 2 > 2.5585, 
Bi < 2.90147763 and H 3 < 2.2. 


Case(III) Bq < By and B 3 > 2.2 

Here Bq < Bj < 1.38054. Also Bj > Bq> each of Hg, 


, Hi 5 and ^ 

> 2, so the inequality (2,4,9*) holds. This gives '^20 = 


(2.2)3 


2.03406x1.781x1.38054 
2B? 




+ 9(- 


;)9 > 17.498499. Here -020 is a 


B 2 ^-“3 2 B 4 B 5 B 6 ' ^'-■BiB2B3B4B5B6' 

decreasing function of B^ and Bi and an increasing function of B^B^^Bq. So 
we replace Bi by i? 2 , H 3 by 2.2 and B^B^Bq by 2.03406 x 1.78727 x 1.38054 
and then hnd that -020 < 17.498499 for B 2 < 2.5931615. Hence we must have 
B 2 < 2.5585. 


Claim(xv) Bi < 2.797 

Suppose Bi > 2.797. As B^ > 2.133 > each of H 4 , • • • , H 15 , the inequality 
(2,13*) holds. Here working as in Case(I) of Claim(ix) we get contradiction 
for Bi > 2.797 and B 2 < 2.5585. 


Claim(xvi) B 3 < 2.2398 

Suppose i ?3 > 2.2398, then By > eB^^ > 1.0498 > each of Hg, • • • ,Hi 5 . 
Using (12. 3 p we get H 4 < 2.0185; B^ < 1.7724 and Bq < 1.564. Now consider 
following cases: 

Case(I) Bj > Hg 

Here By > each of Hg, • • • ,Hi 5 . Also > 2. Therefore the inequality 

(2,4,9*) holds. Now working as in Case(HI) of Claim(xiv) we get contra¬ 
diction for Bi > H 2 , B 3 > 2.2398, B^B^Bq < 2.0185 x 1.7724 x 1.564 and 
B 2 < 2.5585. 

Case(II) By < Bs 

Here Bg > By > each of Bg, • • • , H 15 and By < Bg < 1.12875. Also > 

9 r2 

2 . So the inequality (1,2,4, 8 *) holds. This gives Bi + AB 2 —^ -l- 4 i ?4 — 

+ 8 (:b 7 b 7 b 7 TOto)^ > 17.498499. Now the left side is a decreas¬ 
ing function of B 2 and H 4 . This is also an increasing function of Hi, Bg and 
B^BqBy- One can check that inequality is not true for B 2 > 2.49, H 4 > 1.883, 
Hi < 2.797, Bg < 2.30289 and B^BqBy < 1.7724 x 1.564 x 1.12875. Hence 
we must have Bg < 2.2398. 

Claim(xvii) Hi > 2.705 

Suppose Hi < 2.705. As H 4 > 1.883 > each of Bg, • • ■ , H 15 , the inequality 
(1, 2,12*) holds. Now working as in Case(I) of Claim(xi) we get contradiction 
for H 2 > 2.49, Hi < 2.705 and Bg < 2.2398. 
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Claim(xviii) B 2 > 2.525 

Suppose B 2 < 2.525. As S 3 > 2.133 > each of S 4 , • • ■ , S 15 , the inequality 
(2,13*) holds. Now working as in Claim(xv) we get contradiction for Bi > 
2.705 and B 2 < 2.525. 

Final Contradiction: 

Using fl2.3p we hnd S 4 < 2.0173 and S 5 < ^ 1.7712. Also 

Bq > 1.249 > each of Sg, • • • , S 15 . Consider following cases: 

Case(I) Bq > S7 

We have ^ inequality (1,4,10*) holds. Working as in Case(II) 

of Claim(xiii) we here get contradiction for B 2 > 2.525, Si < 2.797 and 
S 3 S 4 S 5 < 2.2398 X 2.0173 x 1.7712. 

Case(II) Bq < S 7 and S 3 < 2.22 

As S 4 > 1.883 > each of Bq,-- - ,Biq, the inequality ( 1 , 2 , 12 *) holds, i.e. 
Si + 4 S 2 — ^ + 13(-g^-A^)T^ > 17.498499. Here working as in Case(I) of 
Claim(xi) we get contradiction for S 2 > 2.525, Si < 2.797 and S 3 < 2.22. 
Case(III) Bq < S 7 and Bq > 2.22 

Here B-j > Bq> each of Sg, • • • , S 15 and Bq < Bf < 1.38054. Also b^bIb^ ^ 
2, so the inequality (2,4, 9*) holds. Here working as in Case(HI) of Claim(xiv) 
we get contradiction for Si > 2.705, S 3 > 2.22, S 4 S 5 S 6 < 2.0173 x 1.7712 x 
1.38054 and S 2 < 2.5585. □ 


9 Proof of Theorem 1 for 16 < n < 33 


In addition of Lemmas 1-7, we shall use the following lemmas also: 


Lemma 8. For any integer s, 1 < s < n — 1 


' 

Si S 2 • • ■ Sg > < 


V 


(0.46873)'=(2'=-2) Bf 
4^ 

(0.46873)'=(2fc-i)Bs 

3(0.46873)''(2fc)Bs 

4x4'“ 

(0.46873)'=(2fc+i)Bf 

2x4* 


if s = Ak 
if s = Ak + I 
if s = 4A; -|- 2 
if s = Ak + 3. 


This is Lemma 8 of Hans-Gill et al|14]. 
Lemma 9. For any integer s, l<s<n — 1 




S 1 S 2 ... Sg > < 


V 


{0.46873)''(2fc-2) 

(0.46873)*(2fc-i) 

4*^7"" 

3(0.46873)*(2*) 

4x4*B7“" 

(0.46873)*^^*+!) 

2x4*57"" 


if n — s = Ak 
if n — s = Ak + 1 
if n — s = Ak + 2 
if n — s = Ak + 3. 
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This is Lemma 9 of Hans-Gill et al|14]. 

If for some s, 1 < s < n — 1, -B^+i > Bg+j for all j, 2 < j < n — s then 
the inequality (s*, (n — s)*) holds, which gives 


2-s(-Sii?2 • • • Bg) — UJg{BiB2 . . ■ Bg) » + iOri-s 


B1B2 


Bg 


1 

71 — 3 


^ CUti 


(9-1) 

Let be the larger of the lower bounds of B 1 B 2 ■ ■ ■ Bg given in Lemmas 8 
and 9 and let be the upper bound of B 1 B 2 ■ ■ ■ Bg given in fl2.4|) . 


The following two lemmas are respectively the Lemmas 11 & 12 of Hans-Gill 
et al [T4] . 

Lemma 10 : If for some s, 1 < s < n—1, < a;„ and < 

ojm then we must have -Bs+i < max{Bgj^ 2 , • • • , Bn}. 


Proof : Suppose Bg^i > max{Bs^ 2 ) • • • , -Bn}, then the inequality (s*, (n — 
s)*) holds which gives the inequality (19.Ih . Also the function (j)s^n-s{x) has 
maximum at one of the end points of the interval in which x lies. For 
X = B 1 B 2 ■ ■ ■ Bg and Ai""^ < B 1 B 2 ■ ■ ■ Bg < this contradicts the hy¬ 

pothesis. 

Remark 2: In all the cases we hnd that max |(/)s,n_s(Ai"'^), (/)s,n-s(/-is’^^)| is 


Lemma 11 : Suppose that for some s, 1 < s < n — 1, (j)s^n-s{^^r^) < 
but > ojn- Let a real number be such that A^"'^ < < /ri"' 

and < Un- 


(i) If B 1 B 2 ... Bg < then Bg+i < max{Bg+2, ■■■ , Bn}, 

, , ,,(n) 

(ii) If B^B 2 ...Bg>ar then Bg+^<^. 

/Ti ' 


Proof : In Gase (i) Lemma 10 gives the result. In Gase 
Lemma 6 to get the desired result. 


.11 


since -B^+i = 


In Sections 9.1-9.18, we give proof of Theorem 1 for 16 < n < 33. For 
the proof, we obtain upper bounds on Bg for different s by applying vari¬ 
ous inequalities and using Lemmas 10 and 11 and get a hnal contradiction 
by applying weak inequality (2, 2, • • • , 2) for even n and (1, 2, 2, • • • , 2) or 
(2,1, 2, • • • , 2) or (2, 2, • • • , 2,1) for odd n. 
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9.1 n = 16 


Here we have ojiq = 19.285, Bi < 716 < 3.0263937. Using fl2.5p . we have 
Z16 = 0.2477 < Biq < 2.7145981 = mig. Using fl2.3p we have 

B 2 < 71 < 2.7145981, H4 < < 2.3047, B 5 < < 2.1823. 

(9.2) 

Claim(i) Bie < 0.2928 

Snppose i?i6 > 0.2928. The inequality (15*, 1) gives 17.498499(i?i6)T^ + 
Bi 6 > 19.285. But this is not true for 0.2928 < Hie < 2.7145981. So we have 
Hie < 0.2928. 


Using (I2.ip . (l2.2p and Claim(i) we hnd 


maxjHe, H 7 , • • • , Hie} < He < < 1.9991 


(9,3) 


Claim(ii) H3 < max{B4, H5, • • ■ , Hie} < 2.3047 

If -B3 > max{H4, H5, • • • ,Hie}, then the inequality (2,14*) holds, i.e. 
4 Hi — ^ +i^i 4 (;b^)“ > 19.285. The left side is a decreasing function of 
Hi, so replacing Hi by H2 we get 2H2 + (15.955156)(^)i3 > 19.285, which is 
not true for | < |Hi < H2 < 2.7145981. Hence H3 < max{B4, H5, • • • , Hie}, 
which is < 2.3047 (using ([T 2 ]),(l 931 )). So we have Hg < 2.3047. 


Claim(iii) H2 < maxjHg, H4, • • • , Hie} < 2.3047 
As 1 = < Hi < = 3.0263937, we hnd that 

maa;{0i^i5(A4^®^), 0i45(/i4^®^)} = 0i,i5(p-i^^^) < cjw, therefore using Lemma 10 
we have H2 < maxjHg, H4, • • • , Hie}, which is < 2.3047 (by Claim (ii) ). 

Claim(iv) H 4 < maxjHs, He, • • • , Hie} < 2.1823; H 2 , H 3 < 2.1823 
As i = A^^®^ < H 1 H 2 H 3 < = (3.0264)(2.3047)2 and 

max{03,i3(A3^®^),03,i3(/i3^®^)} = 03,13(^3^'^^) < (^ 16 , therefore using Lemma 10 
we have H 4 < max{B 5 , Bq, ■ ■ ■ ,Hie}, which is < 2.1823 (using fl9.2p . fl9.3p L 
So max{B 5 , • • • , Hie} < 2.1823. Now by Claims (ii) and (hi), we have H 3 < 
2.1823 and H 2 < 2.1823 respectively. 

Claim(v) B2,B^,B4,B^ < 

As i = Ai^®^ < H 1 H 2 H 3 H 4 < = (3.0264)(2.1823)3 and 

max{04^i2(A4^^^), 04^12(/i 4 ^^^)} = 04, 12 (^ 4 ^^^) < 1 ^ 16 ) therefore using Lemma 10 
we have H 5 < max{BQ, Bj, ■ ■ ■ , Hie} < 2 ^- ^ 2 ^- again 

using Claims (ii), (hi) and (iv) we get each of H 5 , H 4 , H 3 and H 2 is < § 7 ^. 

Final Contradiction: 

Now 

2 H 2 + 2 H 4 + 2He + 2Bg + 2Hio + 2Hi2 + 2Hi4 + 2Hie 

< 2 {^ + |^ + |^ + ^ + ^ + l + | + i)Sie < 19.285 for Hie < 0.2928. 
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This gives a contradiction to the weak inequality (2, 2, 2, 2, 2, 2, 2, 2)^. □ 


9.2 n=17 

Here we have un = 21.101, Bi < 717 < 3.1506793. Using fl2.5p we have 
Zi 7 = 0.2306 < i?i 7 < 2.8355395 = rrin. Using fl2.3p we have 

16 1 1 

B 2 < 111 < 2.8355395, < 2.4147, H 5 < (471|)t7 < 2.2856 

Bi < (1^)* < 2.1794. 

(9.4) 

Claim(i) Bn < 0.298 

Suppose Bn > 0.298. The inequality (16*, 1) gives 19.285(i?i7)T^ +Bn > 
21.101. But this is not true for 0.298 < Bn < 2.8355395. So we must have 
Bn < 0.298. 

Claim(ii) Bi^ < 0.3328 

Suppose Biq > 0.3328. The inequality (15*, 2 ) gives 17.498499(i?i6i?i7)^ + 
ABiq — ^^ > 21.101. But this is not true for 0.3328 < Biq < |i?i 7 < |(0.298) 
and 1(0.3328) < Bn < 0.298. So we must have Biq < 0.3328. 

Using fi 2 .ip . fi 2 . 2 p and Claims(i), (ii) we hnd 

max{BY, Bg, • • ■ , Bn} < Bj < -^ < 2.0197 (9.5) 

3 

Claim(iii) B^ < max{Bi, Bq, • • • , Bn} < 2.4147 

Suppose H 3 > maa:{i? 4 , i? 5 , • • ■ ,Bn}, then the inequality (2,15*) gives 
ABi —^ +i^i 5 (;g^)i® > 21.101. The left side is a decreasing function of 
Hi, so replacing Hi by H 2 we get 2 H 2 + a;i 5 (-^)i^ > 21 . 101 , which is not 
true for ! < H 2 < 2.8356. Hence H 3 < max{B 4 , B^, -'' ,Bn}, which is 
< 2.4147 (using (I93!),(!93])). So H 3 < 2.4147. 

Claim(iv) H 2 < max{B 3 , H 4 , • • • , H 17 } < 2.4147 

As 1 = < Hi < = 3.1507, we hnd that maa;{0i^i6(A[^^^), 01^16(/i[^^^)} 

/I 

0i,i6(hi ) < therefore using Lemma 10 we have H 2 < max{B 3 , H 4 , • • ■ , H 17 }, 
which is < 2.4147 (using Claim (in)). So H 2 < 2.4147. 

Claim(v) H 4 < max{BQ, Hg, • • ■ , H 17 } < 2.2856 ; H 3 , H 2 < 2.2856 

Now I = Ag^^^ < H 1 H 2 H 3 < = (3.1507)(2.4147)^ and max{ 0 g^i 4 (A 3 ^^^), 

03,14 (A”’)} = 03,14 (/^s^^^) < ujn, therefore using Lemma 10 we have H 4 < 
max{BQ, Hg, • • ■ , H 17 }, which is < 2.2856(using fl9.4p . fl9.5p L So H 4 < 2.2856. 

Now again using Claims (iii), (iv) respectively, we have Hg < 2.2856 and 
H 2 < 2.2856. 

Claim(vi) Hg < max{Hg, H 7 , • • • , H 17 } < 2.1794; H 4 , H 3 , H 2 < 2.1794 
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As I = < S 1 S 2 -B 3 -B 4 < = (3.1507)(2.2856)^ and max{04^i3(A4^'^^), 

04,13 (/^4 j} = 04,13 (/^4 ) < therefore using Lemma 10 we have B 5 < 
max{BQ, By, ■ ■ ■ , B^}, which is < 2.1794 (using fl9.4p . fl9.5p L So B 5 < 2.1794. 

Now again using Claims (iii), (iv) and (v), we get each of B 4 , B^ and B 2 is 
< 2.1794. 

Claim(vii) Be, Be, B^, B 3 and ^2 < 

As I = A^^^^ < BiB 2 B^BiBe < = (3.1507)(2.1794)4 and max{05,i2(A^^^^), 

05,12(^5 0} = 05,120 < 1 ^ 17 , therefore using Lemma 10 we have Be < 
max{BY, Bs, ■ ■ ■ , Biy} < Now again using Claims (iii)-(vi), we get each 

of Be, Bi, Be and B 2 is < 

Final Contradiction 

Now 2 i ?2 4 “ 2 i ?4 + 2i?g + 2i?g + 2i?30“l“2i?i2“l“2i?i4 + 2i?ig + i?i 7 < 2(-^ + -^ + 

¥ + ^ + ¥ + HI + 1)^i6 + ^i 7 < 21.101 for Bie < 0.3328 and Biy < 0-298. 

This gives a contradiction to the weak inequality (2, 2, 2, 2, 2, 2, 2, 2, l)i„. □ 


9.3 n = 18 

Here we have oiig = 22.955, Bi < yig < 3.2743307. Using fl2.5p . we have 
/ig = 0.2150 < Hig < 2.9560725 = mig. 

Claim(i) i?ig < 0.3 

Suppose i?ig > 0.3. The inequality (17*, 1) gives 21 . 101 (ilig)Tr + i?ig > 
22.955. But this is not true for 0.3 < i?ig < 2.9560725. So we must have 
Big < 0.3. 

Claim(ii) Bie < 0.385 

The inequality (15*, 3) gives 17.498499(i?i6i?i7Hig)TX + 4i?i6 — > 

22.955. But this is not true for 0.385 < Bie < f-^is < 0.45 and |ili 6 < 
-Bi 7 i?ig < |ilig < |(0.3)^. So we must have Bie < 0.385. 

Claim(iii) Bii,Bie,Bii < and B 2 ,Be,B^,Be < 

Using (12.4p and Lemmas 8 , 9 we have 

1 = A^^®^ <Bi< = 3.2743307, 

I = A^^®^ < B 1 B 2 < = (1.1519977)^0 

i = A^^®^ < H 1 H 2 H 3 < = (1.2402616)^0 

^ < A^'®^ < B 1 B 2 ■■■Bs< /x^'®^ < (1.8635658)10 

^ < A^^®^ < B1B2 ■■■Bq< / x ^^®^ < (2.0406455)0 
18 

We hnd that maa;{05,„_^(A0®^), 05,„_^(/x0®^), for s = 1, 2, 3, 8 , 9} = 0i,n-i(Aii^^^), 
which is < 22.955. Therefore using Lemma 10 we have 

Bi < max{Bi+i, 5^+2, • • ■ , -Bis}, for i = 2,3, 4, 9,10 (9.6) 
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Using (EH),®, we have So Eg, 5 io < |^ (by dUD). Further 

B5 < ^ < 1 ^. So each of E2, Eg and E4 is < 

Claim(iv) 82,3^, 3^,85, Bq < 

ASE1E2E3E4 < ( 3 . 2745 )(||if )3 < 41 . 765 , i.e. 0.25 = < E1E2E3E4 < 

/^dS) _ 4]^_yg5^ maa;{04^ 14(A4^*^), 04^4(/i4^®^)} = 04,14(/i4^*^), 

which is < 22 . 955 . Therefore E5 < max{Be, B7, ■ ■ ■ ,Bis}- We have Eg < 

2E9 < 1 ^. Therefore using fl 9 . 6 |) we get 32,3^, E4 and E5 is < 

Final Contradiction 

Now 2E2 + 2E4 + 2 E 6 + ■ ■ ■ + 2 Ei 8 < 2 (^ + 8^ + 8^ + + ¥ + 

A + I + 1 )Ei 6 + 2 Ei 8 < 22.955 for Eig < 0.385 and E18 < 0 . 3 . This gives a 
contradiction to the weak inequality ( 2 , 2 , • • • , 2 , 2 )^. □ 

9.4 n = 19 

Here we have wig = 24 . 691 , Ei < 719 < 3 . 3974439 . Using (I 2 . 5 p . we have 
/i9 = 0.2009 < Ei9 < 3.0761736 = mig and using fl 2 . 3 p we have 

18 1 

B2 < 7i8® < 3 . 0761736 , E4 < ( 2 jI^)t 9 < 2 . 635321 , .g 

B5 < ( 47 j|)^ < 2 . 4940956 , Eg < < 2 . 3752798 . 

Claim(i) E19 < 0.348 

Suppose Ei9 > 0 . 348 . The inequality ( 18 *, 1 ) gives 22.955 (Ei9)t^ +E19 > 
24 . 691 . But this is not true for 0.348 < E19 < 3 . 0761736 . So we have 
Ei9 < 0 . 348 . 

Claim(ii) E17 < 0.403 

Suppose Ei7 > 0 . 403 . Then BisBig < |E^g < |( 0 . 348 )^ < E47. So the 
inequality ( 16 *, 3 ) holds, i.e. 19 . 285 (Ei 7 Ei 8 Ei 9 )t^ + 4Ei7 — > 24 . 691 . 

But this is not true for 0.403 < Bn < fEig < 0.522 and ^Bn < B^Big < 
|( 0 . 348 )^. So we must have E17 < 0 . 403 . 

Claim(iii) Eio < max{Bii, Bn, • • • , Egg} < 1.2897 

Using fl 2 . 4 l) and Lemma 9 we have 

< Af ^ < E 1 E 2 ■■■Bs< /if) = (1.827901)11, 

^ < Af) < E 1 E 2 • ■ ■ Eg < /if) = (1.994589)1°. 

We hnd that max{094o(Af)), 09,io(/^f))} = 09,io(/^f)), which is < 24.691. 
Therefore using Lemma 10 we have Eig < maxjEii, E 12 , • • ■ ,Ei 9 }. From 
fl 2 .ip . fl 2 . 2 p . we hnd that En < and each of E 12 , • • • , E 17 is less than 
1^ < 1.2897. Also Eig < 0.348, E 18 < fEig. Therefore max{Bii, Bn, ■ ■ ■ , Bn} < 
1.2897. 
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Claim(iv) Bg < 1.31015 

We see that 08,11 (Ag^^^) < ojig but 08,ii(h8^^^) > So we apply Lemma 
11 with = (1.8278)^h Here 08,ii(o'8^^^) < ^i 9 - 

In Case(i), when B 1 B 2 ■ ■ ■ Bs < (1.8278)^^, we have Bg < max{Big, Hu, • • ■ , H 19 } 

< 1.2897. 

In Case(ii), when H 1 H 2 ■ ■ ■ Bs > (1.8278)^^, then Bg < < ‘'^(fg 278 )ii 

< 1.31015. 

Hence Bg < 1.31015. 


Claim(v) H 3 < max{B 4 , H 5 , • • ■ , H 19 } < 2.635321 

Now suppose Bs > max{B 4 , B^, ■ ■ ■ ,Big}, then the inequality (2,17*) 
gives 4Hi —-^+21.101(-g^)i7 > 24.691. The left side is decreasing function 
of Hi, so replacing Hi by Bg we hnd that the inequality is not true for 
\ < Bg < 3.0761736. Hence we must have H3 < max{B 4 , B^, ■ ■ ■ ,Big}, 
which is < 2.635321 as Bs < ^Bg, Bj < \Bg, Bg < 1.31015 and Hio < 
max{Bii, Big, • • ■ , H19} < 1.2897. 


Claim(vi) Hi > 1.29 

For if Hi < 1.29, then Hj < Hi < 1.29 for each i = 2,3, ■ ■ ■ ,19 and then 
the inequality ( 1 , 1 , • • • , 1 ) gives a contradiction. 


Claim(vii) H 4 < max{Bs, Bq, ■ ■ ■ , Big} < 2.4940956, H 3 < 2.4940956 
Suppose H 4 > max{Bs, Bq, ■ ■ ■ , Big}, then the inequality (3,16*) holds, 
i.e. 7]{X) = 4Hi - ^ + 19.285 (;^)h > 24.691, where X = H 2 H 3 . ri'{X) = 

||(1 - i^(|^)^) > 0 for 1.29 < Hi < 3.3974439 and 0.5 < X < a, 
where a = min{Bf, (3.0761736)(2.635321)}. Therefore rjiX) < r]{a), which 
is < 24.691 for 1 < Hi < 3.3974439, giving thereby a contradiction. Hence we 
have H 4 < max{Bs, Bq, ■ ■ ■ , Big}, which is < 2.4940956. So H 4 < 2.4940956 
and hence H 3 < 2.4940956 using Claim(v). 


Claim(viii) H 5 < max{Be, H 7 , • • ■ , H 19 } < 2.3752798; H 3 , H 4 < 2.3752798 
As 0.25 < aI^®^ < H 1 H 2 H 3 H 4 < = (3.3974439)(3.0761736)(2.4940956)2, 

we hnd that maa;{04,i5(A4^^^), 04,i5(/i4^^^)} = 04,i5(/i4^^^), which is < 24.691. 
Therefore using Lemma 10 we have H 5 < max{BQ, Bj, ■ ■ ■ ,Big}, which is 
< 2.3752798. Therefore each of H 3 , H 4 and H 5 is < 2.3752798. 


Claim(ix) Bq < max{Bj, Bs, ■ ■ ■ , Big} < 1.9654; H 3 , H 4 , H 5 < 1.9654 

As (0.25)(e) = aJ^®^ < H 1 H 2 H 3 H 4 H 5 < = (3.3974439)(3.0761736)(2.3752798)^, 

we hnd that maa;{05,i4(A5^^^), 05,i4(/i5^^^)} = 05,i4(/i5^^^), which is < 24.691. 

Therefore using Lemma 10 we have Hg < max{Bi, Bs, ■ ■ ■ ,Big}, which is 
< iHg < 1(1.31015). Therefore each of Hg, H 5 , H 4 and H 3 is < |(1.31015) < 

1.9654. 


Claim(x) H 7 < max{Bs, Bg, ■ ■ ■ ,Big} < 1.747; Hg, H 5 , H 4 and H 3 is 


39 



< 1.747 

Now ^(£2) = = (3.3974439)(3.0761736)(1.9654)^. 

We find that max{ 06 ,i 3 (A 6 ^^^), 06 ,i 3 (/^ 6 ^^^)} = 06 ,i 3 (/^ 6 ^^^), which is < 24.691. 
Therefore using Lemma 10 we have Bj < max{Bs, Bg, ■ ■ ■ ,Big}, which is 

< |i ?9 < 1(1.31015) < 1.747. Therefore each of B^, Bq, B^, B^ and i ?3 is 

< 1.747. 

Final Contradiction 

Now 

Bi + 2^3 + 2^5 + 2^7 + ■ ■ ■ + 2Bn + 2 Si 9 < 3.3974439 + 2(3 x 1.747) + 
2(1.31015) + 2(^ + i + | + 1 ) 5 i 7 + 2Biq < 24.691 for ^17 < 0.403 and Big < 

0.348, giving thereby a contradiction to the weak inequality (1, 2, • • • , 2, 2)^. □ 


9.5 n = 20 


Here we have U 20 = 26.629, Bi < 720 < 3.520062. Using fl2.5p . we have 

_ 19 

/20 = 0.1880 < B 20 < 3.195912 = 17120 and using fl2.3p we have B 2 < 7^9 < 
3.195912. 

Claim(i) H 20 < 0.294 

Suppose B 20 > 0.294. The inequality (19*, 1) gives 24.691 (i? 2 o)^ +B 20 > 
26.629. But this is not true for 0.294 < B 20 < 3.195912. So we must have 
B 20 < 0.294. 

Claim(ii) Bi < max{Bi^i, 5 ^+ 2 , • • • , B 20 }, for i = 2, 6 , 7, 8 , 9,10 
Using (12. 4 p and Lemmas 8 , 9 we have 

1 = < Hi < = 3.520062, 

l£ = < H 1 H 2 H 3 H 4 H 5 < = (1.4183645) 

1^2 = < H 1 H 2 H 3 H 4 H 5 H 6 < = (1.530496)^^ 

^ = A^'°^ <Bi---Br< = (1.6555371)13, 

^ = A^'°^ <Bi---Bs< pf ^ = (1.7955594)12, 

2 ^ 1 ^ = A^'°^ <Bi---Bg< = (1.9530741)11. 

We hnd that maa;{05,„_^(A?°^), for s = 1, 5, 6 , 7, 8 , 9} = 0 i,i 9 (/rf°^), 

which is < a; 2 o- Therefore using Lemma 10 we have B^ < maa:{Hj+i, Hj+ 2 , • • • , H 20 }, 
for i = 2,6,7,8,9,10. 

Claim(iii) H 3 < maa:{H 4 , H 5 , • • • , H 20 } 

Suppose H 3 > max{Bii, H 5 , • • • , H 20 }, then the inequality (2,18*) holds, 
i.e. 4Hi — ^ + 22.955(-g^)A > 26.629. The left side is decreasing function 
of Hi, so replacing Hi by H 2 we find that the inequality is not true for 
I < H 2 < 3.195912. Hence H 3 < max{B 4 , H 5 , • • • , H 20 }. 
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Now using Claim(ii) and (iii), 


Bi < max{Bi+i, Bi+ 2 , ■■ ■ , -B20}, for i = 2,3, 6, 7, 8, 9,10. (9.8) 

From fl2.ip . fl2.2p and Claim (i) we find that, max{Bii, B 12 , ■ ■ ■ , S20} < Bn < 

1^. So using fl9.8p we get each of Bm, Bg, Bg, Bt, Bq is < and so 

B 5 < |i?6 < Using fl9.8p we have B^ < and 

hence B 2 < 

We have now 

f = < B 1 B 2 B 3 < = (3.520062) (^^f5|^)\nd 

i = < BiB 2 BsB^ < = (3.520062) . 

We find that max{0s,(Ai^°^), for s = 3,4} = (/>4,i6(Aif°^), 

which is < 0020 - Therefore using Lemma 10 we have Bi < max{Bi+i, i?j+2, • • • , ^20}, 

for i = 4, 5. Using it together with fl9.8p we get each of B 2 , S3, • • • , Biq is 
^ 4 B2Q 

^ 3 £2 • 

Final Contradiction 

Now 2B2 + 2S4 + • ■ ■ + 2S20 < 2(5 X -1“ ^ “I- ~e -^ £ ~^ I l)-^20 < 

26.629 for B 20 < 0.294, giving thereby a contradiction to the weak inequality 
(2,2 ,--- , 2 , 2 )^. □ 


9.6 n = 21 


Here we have 0221 = 28.605, Si < 721 < 3.6422432. Using (12.5p . we have 
/21 = 0.1762 < S21 < 3.3153098 = m2i. 

Claini(i) S21 < 0.2938 

Suppose S21 > 0.2938. The inequality (20*, 1) gives 26.629(S2i)^ + 
S21 > 28.605. But this is not true for 0.2938 < S21 < 3.3153098. So we must 
have S21 < 0.2938. 

Claim(ii) S19 < 0.4 

Suppose Si9 > 0.4. The inequality (18*, 3) gives 22.955(Si9S2oS2i)^ + 
4 Si 9 — > 28.605. But this is not true for 0.4 < S19 < |S2i < 0.4407 

and \B'Iq < S20S21 < |S|j^ < | (0.2938)^. So we must have S19 < 0.4. 

Claim(iii) S2, S3, • • ■ , Sio < ^ 

Using fl2.4p and Lemmas 8, 9 we have 

1 = Af < Si < = 3.6422432, 

I = Af^^ < S 1 S 2 < = (1.1398163)l^ 

= Af^^ < Si ■ ■ - Ss < = (1.4053838)^^ 

^£2 = a( 21) < 5i • ■ ■ Se < /if ^ = (1.5130617)15, 
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= aJ'') <Bi---B 7 < /if) = (1.6326792)l^ 

^ = Af) <B,---Bs< /if) = (1.7660691)13, 

^ = Af) <B^---Bg< /if) = (1.915440)12. 

We find that maa;{05,„_^(Af)), (j)s,n-sil^f^'’),ioT s = 1, 2, 5, 6 , 7, 8 , 9} = 0 i, 2 o(hf f 
which is < a; 2 i. Therefore using Lemma 10 we have 

Bi < max{Bi+i, 5 ^+ 2 , • • • , B 21 }, for i = 2, 3, 6 , 7, 8 , 9,10. (9.9) 

From fl 2 . 1 l) . fl 2 . 2 p and Claims (i), (ii) we hnd that, max{Bii, S 12 , • • ■ , B 21 } < 

Bu < So using fl9.9p we get each of i?io, Bg, Bg, Bt, Bq is < ^ and so 
B 5 < 1^6 < and S 4 < < |^. Using (El]) we have B 3 < 

and hence B 2 < 

We have now 

i = Af) < B 1 B 2 B 3 < /if) = (3.6422432) (|^)\nd 
i = Af) < BiB 2 BsBi < /if) = (3.6422432) (|^)". 

Now we hnd that maa:{05,„_s(Af)), 05,„_s(/if ^)), for s = 3,4} = 03^i8(/if)), 
which is < U 21 . Therefore using Lemma 10 we have Bi < max{Bi+i, i?j+ 2 , • • • , 7 ^ 2 i}, 
for i = 4, 5. Using it together with fl9.9p we get each of B 2 , B^, • • ■ , Biq is 
< max{Bii, 5 i2 , ■ ■ ■ , B 21 } < Bn < 

Final Contradiction 

Now 2 B 2 + i ?3 + 2i?5 + 2Bj ■ ■ ■ + 2Big + 2 B 21 < {3(^) + 2(4 x ^ H—^^ e 
I + l)}i?i 9 + 2 B 21 < 28.605 for B 21 < 0.2938 and Big < 0.4, giving thereby 
a contradiction to the weak inequality (2,1, 2, 2, • • • , 2)^. □ 

9.7 n = 22 

Here we have U 22 = 30.62, Bi < 722 < 3.7640371. Using fl2.5p . we have 
I 22 = 0.1655 < B 22 < 3.4344103 = 77122 - 

Claim(i) B 22 < 0.295 

Suppose B 22 > 0.295. The inequality ( 22 *, 1 ) gives 28.605(i?22)’^ +-B 22 > 

30.62. But this is not true for 0.295 < B 22 < 3.4344103. 

Claim(ii) B 20 < 0.378 

Suppose H 20 > 0.378. Then H 21 -B 22 < I-B 22 < |(0.295)^ < i?|g. Therefore 
the inequality (19*, 3) holds, i.e. 24.691 (i? 2 o-B 2 i-B 22 )^+ 4 i? 2 o—;g^^ > 30.62. 

But this is not true for 0.378 < B 20 < §-822 < 0.4425 and |i? 2 o ^ B 21 B 22 < 
|(0.295)^. So we must have H 20 < 0.378. 

Claim(iii) i? 2 , H 3 , • • • , Bn is < ^ 

Using fl2.4p and Lemmas 8 , 9 we have 
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1 = <Bi< = 3.7640371, 

I = < B 1 B 2 < = (1.1362692)20, 

i = A^^^ < B 1 B 2 BS < = (1.21407992)10, 

f = Af < 5i ■ ■ ■ S 5 < /if = (1.39334)1^ 

^ = Af) <B,---Be< /if ^ = (1.496951)10, 

= Af^ <B,---Bj< /if) = (1.611638)10, 

= Af) <B^---Bs< /if) = (1.739055)l^ 

^ = Af) < • • ■ Eg < /if) = (1.8811357)13, 

^ = Af) < El ■ ■ ■ Eio < /if) = (2.0402387)12. 

We find that maa:{0s,n-s(Af ^)), 0s,n-s(A'-f for s = 1, 2, 3, 5, 6 , 7, 8 , 9,10} = 

(22'] 

01,21 (/^i 0, which is < U 22 - Therefore using Lemma 10 we have 


Bi < max{Bi+i, Ej+ 2 , • • • , E 22 }, for i = 2,3, 4, 6, 7, 8, 9,10,11. (9.10) 


From (I2.ip . (l2.2p and Claims(i), (ii) we hnd that, max{Ei2,Ei3, • • ■ ,E22} < 
Bi2 < So using flO.lOp we get each of Bn, Bio, Bg, Bg, By, Bq is < 
and so E5 < lEg < Again using flO.lOp we get each of E4, E3 and Bg 

is < 1%. 

We have now 

i = Af) < E1E2E3E4 < /if) = (3.7640371) (|^)". 

We hnd that maa;{04,i8(Af)), 04,i8(/if))} = 04,i8(hff which is < a;22- 
Therefore using Lemma 10 we have E5 < max{BQ, By, ■ ■ ■ ,E22}. Using it 
together with flO.lOp we get each of E2, E3, • • • , Bn is < 

Final Contradiction 

Now 2E2+2E4+- ■ ■+2E20+2E22 < 2{6x ^ + ^fo+4-|-|-|-l}E2o+2E22 < 30.62 
for E22 < 0.295 and E20 < 0.378, giving thereby a contradiction to the weak 
inequality (2, 2, • • • , 2, 2)^. □ 


9.8 n = 23 

Here we have 0123 = 32.68, Ei < 723 < 3.8854763. Using (I2.5p . we have 
I 23 = 0.1556 < E 23 < 3.5532476 = m 22 . 

Claim(i) E 23 < 0.293 

Suppose E 23 > 0.293. The inequality ( 22 *, 1 ) gives 30.62(E23)^ + E 23 > 
32.68. But this is not true for 0.293 < E 23 < 3.5532476. So we must have 
E 23 < 0.293. 

Claim(ii) E 21 < 0.376 

Suppose E 21 > 0.376. The inequality (20*, 3) gives 26.629(E2iE22E23) 20 + 
4 E 21 — B 22 B 2 i ^ 32.68. But this is not true for 0.376 < E 21 < IE 23 < 0.4395 
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and I-B21 — -S22-B23 < |-®22 < I(0.293)^. So we must have B 21 < 0.376. 

Claim(m) S2, • • • , -Bn < max{Bi 2 , 

Using fl2.4p and Lemmas 8, 9 we have 

1 = <Bi< = 3.8854763, 

I = A^^^^ < B 1 B 2 < = (1.1329363)2S 

i = Af^^ < 51^253 < = (1.2085769)20, 

i = Ap) < B^B2B^Bi < fxP = (1.2913392)10, 
f = Af^^ < ■ ■ - Eg < = (1.3821298)1®, 

^ < Si ■ ■ - Se < /if ^ = (1.4820067)1^ 

f = Af ^ < Si ■ ■ - Sy < /if ^ = (1.5922103)10, 
fj = Af ^ < Si ■ ■ - Sg < /if ^ = (1.7142025)10, 

= Af ^ < Si ■ ■ ■ Sg < /if ^ = (1.8497215)l^ 

^ = Af) < Si • • ■ Sio < /if ^ = (2.000844)13, 

^ = Af) < Si • • ■ Sii < /iff = (2.1700714)12, 

= Aff < Si ■ ■ ■ S 12 < /iff = (2.3604401)11. 

We hnd that max{(j)s,n-s{X^^^^), 0s,ri,_<j(/if f, for s = 1, 2, 3,4, 5, 6, 7, 8, 9,10} = 

/OQ'^ 

01,22 (/^i j, which is < 0123. Therefore using Lemma 10 we have 

Bi < max{Bi+i, Bi+ 2 , ■■■ , S23}, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11. (9.11) 


From fi 2 .ip . fi 2 . 2 p and Claims (i),(ii) we hnd that, max{Si 3 , S 14 , • • • ,S 23 } < 
Si 3 < ^ < 1.7114. So using fl9.1ip we get each of S 2 , • • • , Sn is < 
max{Bi2, ^}. 


Claim(iv) S12 < ^ 

We hnd that 0ii,i2(Aff < 0123 , but 0ii,i2(/-'-if) > 1 ^ 23 , so we apply 
Lemma 11 with af ^ = (2.135)12. Here 0ii,i2(ff) < i^ 23 - 
In Case(i), when S 1 S 2 • • ■ Sn < (2.135)12, then we have S 12 < max{Bi 3 , S 14 , • 
which is < ^ < 1.7114. 


In Case(ii), when S 1 S 2 • 
ur < 1.43. 


( 2 . 3604)11 


(23) 

■-Bn > (2.135)12, then we have S 12 < flay < 

<^11 


(2.135)1 

So we have S 12 < 


Using Claims(iii), (iv) we get, each of S 2 , S 3 , • • • , S 13 is < 


Final Contradiction 


Now 2S2 + S3 + 2S5 + 2S7 + ■ ■ ■ + 2S23 < 3(-^) + 2{5(f) + ^ + A + 
I + l}S2i + 2S23 < 32.68 for S21 < 0.376 and S23 < 0.293, giving thereby a 
contradiction to the weak inequality (2,1, 2, 2, • • • ,2, 2)^. □ 


-B23}, 
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9.9 n = 24 


Here we have = 34.78, Bx < 724 < 4.0065998. Using fl2.5p . we have 
hi = 0.1464 < H 24 < 3.6718429 = m24. 

Claim(i) H 24 < 0.29 

Suppose i ?24 > 0.29. The inequality (23*, 1) gives 32.68(i?24)^ + i ?24 > 

34.78. But this is not true for 0.29 < H 24 < 3.6718429. So we must have 
B 24 < 0.29. 

Claim(ii) B 22 < 0.374 

Suppose B 22 > 0.374. The inequality ( 21 *, 3) gives 28 . 605 ( 522 - 823 - 824 )^ + 

4^22 — B 23 B 2 A ^ 34.78. But this is not true for 0.374 < B 22 < §-824 < 0.435 
and | 5|2 < 523^24 < | 5|4 < |(0.29)^. So we must have B 22 < 0.374. 

Claim(iii) 5* < max{Bi 2 ^ 5i3,1.703}, for i = 2,3, 4, 5, 6 , 7, 8 , 9,10,11 
Using fl2.4p and Lemmas 8 , 9 we have 

1 = < 5i < = 4.0065998, 

I = < B 1 B 2 < = (1.1298027)22^ 

i = A^^^ < 5 i5253 < = (1.2034139)21, 

i = Af^^ < BxB2BxxBi < = (1.2837599)20, 

I = A^^^ < 5i • • - Hs < = (1.3716707)10, 

^ = Af) < 5i ■ ■ - He < /if) = (1.4681092)1®, 

^ = Af) < 5i ■ ■ - Hy < /if) = (1.5741992)1^ 
fj = Af) <Bx---Bs< /if) = (1.6912584)10, 

= Af) < 5i ■ ■ ■ 59 < /if) = (1.8208394)10, 

^ = Af) < 5i • • ■ 5io < /if) = (1.9647888)l^ 

^ = Af) < 5i • • ■ 5n < /xf) = (2.1253121)1®, 

^ ^24 

^ = Af) < 5i • • ■ 5 i 2 < /if) = (2.3050671)12, 

2^1^ = Af) < 5i ■ ■ ■ 543 < /if) = (2.5072781)11. 

We hud that maa:{0s^„_s(Af)), 0s^„_s(/if)), for s = 1, 2, 3,4, 5, 6 , 7, 8 , 9,10} = 

0i,23(/(if)), which is < 0 x 24 . Therefore using Lemma 10 we have 

Bi < max{Bi+x, 5 ^+ 2 , • • • , ^ 24 }, for x = 2, 3,4, 5, 6 , 7, 8 , 9,10,11. (9.12) 

From fi 2 .ip . fi 2 . 2 p and Claims (i),(ii), we find that max{Bu, Bi^, ■ ■ ■ , ^ 24 } < 

814 < < 1.703. So using fl9.12l) we get each of B 2 , ■ ■ ■ , Bu is < max{Bi 2 , B 13 , < 

max{Bi 2 , 5i3, 1.703}. 

Claim(iv) 5 i 2 , 5 i 3 < 1.72 

We hud that for s = 12,11, 0s^„_s(Af)) < Ci; 24 , but 0s^„_s(/if)) > a; 24 , so 
we apply Lemma 11 respectively with erf) = (2.22)12 ^( 24 ) ^ (2.09)1®. 
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Here 0i2,i2(cri2^^) < 1:^24 and i3(c’‘ii < '^24- 

First consider Lemma 11 for s = 12 and with = (2.22)^^. 

In Case(i), when B 1 B 2 ■ ■ ■ -B12 < (2.22)^^, then we have B 13 < max{Bi 4 ^, H15, • • 
which is < % < 1.703. 


(24) 

In Case(ii), when BiB 2 - ■ ■ B 12 > (2.22)^^, then we have H13 < < 

°'l 2 

TT^ < 1.72. 


(2.50718)^1 


(2.22)1 

So we have H 13 < 1.72. 

Now consider Lemma 11 for s = 11 and with = (2.09)^^. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.09)^^, then we have H 12 < max{Bi 3 , B^, 
which is < i?i 3 < 1.72. 

In Case(ii), when H 1 H 2 • ■ ■ > (2.09)^^, then we have B 12 < 

(2.305)12 ^ 

(2.09)13 < 

Using Claim(iii) and (iv) we get i? 2 , H 3 , •' ‘ 5 is < 1.72. 


1^12 


(24) 


J24) 

^11 


< 


B24}, 


B24}, 


Final Contradiction 

Now 2 B 2 + 2774 + ■ ■ ■ + 2 B 24 < 2(6 X 1.72) + 2{^ H—^^ e 1}.^22 S" 
+2i?24 < 34.78 for B 22 < 0.374 and 1724 < 0.29, giving thereby a contradiction 
to the weak inequality (2, 2, • • • , 2, 2).u,. □ 


9.10 n = 25 

Here we have a ;25 = 37.05, Bi < 725 < 4.1274438. Using fl2.5p . we have 
I 25 = 0.1380 < B 25 < 3.7902246 = 77125 - 

Claim(i) B 25 < 0.26 

Suppose B 25 > 0.26. The inequality (24*, 1) gives 34.78(7725)^ + B 25 > 
37.05. But this is not true for 0.26 < B 25 < 3.7902246. So we must have 
B 25 < 0.26. 

Claim(ii) 7724 < 0.311 

Suppose 7724 > 0.311. The inequality (23*, 2) gives 32.68 (77247725 ) 2^ + 
47724 — > 37.05. But this is not true for 0.311 < 7724 < 1-^25 < 0.347 

and 1(7724) < B25 < 0.26. So we must have B24 < 0.311. 

Claim(iii) B 22 , < 0.3595 

Suppose 7723 > 0.3595. The inequality (22*, 3) gives 30.62(772377247725)^ + 
47723 — B 2 iB 2 ^ ^ 37.05. But this is not true for 0.3595 < 7723 < §-^25 < 0.39 
and ^77|3 < B 24 B 25 < (0.311)(0.26). So we must have B 23 < 0.3595. 

Claim(iv) 77* < max{Bi 2 , 77i3, 2.124}, for 7 = 2, 3,4, 5, 6, 7, 8, 9,10,11 
Using fl2.4p and Lemmas 8, 9 we have 

1 = < Hi < = 4.1274438, 
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I = < B 1 B 2 < = (1.1268424)23, 

i = Af®^ < B 1 B 2 B 3 < = (1.1985502)22, 

i = Af") < BiB^B^iB^ < = (1.2766406)21, 

I = Af®^ < 5i ■ ■ - Ss < = (1.3618756)20, 

^ = Af ^ < Si ■ ■ - Se < = (1.4551357)10, 

^ < Si ■ ■ - Sy < = (1.5574424)18, 

^ = Af) < Si ■ ■ ■ Sg < /if) = (1.669988)1^ 

^ = Af) < Si • • ■ Sg < /if) = (1.794170)10, 

2^^ = Af) < Si ■ ■ ■ Sio < /if) = (1.9316359)10, 

^ = Af) < Si ■ ■ ■ Sii < /if) = (2.0843445)l^ 

^ = Af) < Si • • ■ S 12 < /if) = (2.2546355)18, 

^ ^25 

^ = Af) < Si • ■ ■ Si3 < /if) = (2.4453284)12. 

We find that maa:{0s,n-s(Af)), 0s,n-s(A'-f f for s = 1, 2, 3,4, 5, 6, 7, 8, 9,10} = 
01,24 (/if)), which is < a; 25 - Therefore using Lemma 10 we have 


Bi < max{Si+i, Si+2, • • • , -B 25 }, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11. (9.13) 


From fi 2 .lD . fi 2 . 2 p and Claims(i),(ii) and (hi) we hnd that, max{Si 4 , S 15 , • • • , S 25 } < 

Si 4 < < 2.124. So using fl9.13p we get each of S 2 , • • ■ , Sn is < 

max{Bu, S 13 , |^} < max{Si 2 , S 13 , 2.124}. 

Claim(v) Si 2 ,Si 3 < 2.124 

Now we hnd that for s = 12,11, 0s^„_s(Af)) < U 25 , but 0s,n-s(/rf^) > 

0225 , so we apply Lemma 11 respectively with erf) = (2.193)1^ and erf) = 

(2.07)1"^. Here 0 i 2 ,i 3 (ff) < (^25 and 0 ii,i 4 (ff) < a; 25 . 

First consider Lemma 11 for s = 12 and with erf) = (2.193)1^. 

In Case(i), when S 1 S 2 • ■ ■ S 12 < (2.193)18, then we have S 13 < max{Bi 4 , S 15 , • • • , S 25 }, 


which is < < 2.124. 

— 2 


,(25) 


In Case(ii), when B 1 B 2 ■ ■ ■ B 12 > (2.193)18, then we have S 13 < < 

( 2 - 4453 ) 1 ^ < 1 686 
(2.193)13 ^ i-D50. 

So we have S 13 < < 2.124. 

Now consider Lemma 11 for s = 11 and with erf) = (2.07)i^. 

In Case(i), when S 1 S 2 • ■ ■ Bn < (2.07)i'i, then we have S 12 < max{Si 3 , S 14 , • • • , S 25 }, 
which is < Si 3 < < 2.124. 

^ (25) 

In Case(ii), when BiB 2 - ■ ■ Bn > (2.07)i^, then we have S 12 < < 

^11 

(2-255)13 ^ 

(2.07)14 ^ r.^m. 

So we have S 12 , S 13 < 2.124. 


Using Claim(iii) and (iv) we get each of S 2 , S 3 , • • • , S 14 is < S 13 < 2.124. 
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Final Contradiction 

Now 2^2 + ^3 + 2^5 + ■ ■ ■ + 2^25 < 3(2.124) + 2(5 x 2.124) + 2{(^) + 
^ + £ + I + 1}-^23 + 2 i ?25 < 37.05 for B 25 < 0.26 and i ?23 < 0.3595, giving 
thereby a contradiction to the weak ineqnality (2, 1 , 2, • • • ,2, 2).^,. □ 

9.11 n = 26 

Here we have a;26 = 39.24, i?i < 726 < 4.2480446. Using (I2.5p . we have 
^26 ~ 0.1303 < i?26 < 3.9084192 = 77126- 

Claim(i) H26 < 0.29 

Snppose i?26 > 0.29. The ineqnality (25*, 1) gives 37.05(i?26)^ + -B26 > 
39.24. Bnt this is not true for 0.29 < H26 < 3.9084192. 

Claim(ii) H25 < 0.31 

Suppose i?25 > 0.31. Then 2S25 > B 2 Q. Therefore the inequality (24*, 2) 

— 1 9 r2 

holds, i.e. 34.78(i?25-B26)^ + 4H25 —> 39.24. But this is not true for 
0.31 < B 25 < I-B26 < 0.387 and |(i?25) < -B26 < 0.29. So we must have 
B25 < 0.31. 

Claim(iii) i?24 < 0.358 

Suppose i?24 > 0.358. Then > B 25 B 2 &. Therefore the inequality 
(23*, 3) holds, i.e. 32.68(524-825-826)’^ +4^24 — > 39.24. But this is 

not true for 0.358 < ^24 < |526 < 0.436 and ^B^^ < B 25 B 2 & < (0.31)(0.29). 
So we must have ^24 < 0.358. 

Claim(iv) 5j < max{Bi 2 ^ Bi^, B^, 2.1165}, for 7 = 2,3,4, 5, 6, 7, 8, 9,10,11 
Using (12.4p and Lemmas 8, 9 we have 

1 = < 5i < = 4.2480446, 

I = < 5i52 < = (1.1240391)24, 

i = Af®^ < B 1 B 2 B 3 < /if®^ = (1.1939633)23, 
i = Af®) < 5 i 525354 < /xf®^ = (1.2699424)22, 
f = Af®^ < 5i • ■ ■ 55 < /if®^ = (1.3526843)24, 

§ = Af) < 5i • ■ ■ He < pf) = (1.4429963)20, 

^ < Hi ■ ■ - Hy < /if®^ = (1.5418115)40, 

fj = Af) < Hi ■ ■ - Hg < /if) = (1.650213)48, 

^ = Af) < Hi • • ■ Hg < /if) = (1.7694615)47, 

^ = Af) < Hi • • ■ Hio < /iSf = (1.9010405)40, 

2^^ = Af) < Hi ■ ■ ■ Hii < /if) = (2.0466947)40, 

= Af) < Hi • • ■ Hi 2 < /if) = (2.2084995)44, 

^ = Af) < Hi ■ ■ ■ Hi 3 < /if) = (2.3889339)43, 
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^ ■ 5i4 < = (2.5909855) 

^ ^26 

We find that max{0s,n-s(Ag^g, 0s,n-s(/ig^^), for s = 1, 2, 3,4, 5, 6, 7, 8, 9,10} = 
01,25which is < 0 J 2 Q- Therefore using Lemma 10 we have 

Bi < max{Bi+i, 5^+2, • • • , -B26}, for * = 2, 3,4, 5, 6, 7, 8, 9,10,11. (9.14) 


From (I2.ip . (l2.2p and Claims(i), (ii), (hi), we hnd max{i?i 5 , i?i6, • • • ,i? 26 } < 
-B 15 < < 2.1165. So using fl9.14p we get that each of i? 2 , • • • ,-Bii is 

< max{Bi 2 , i?i3, i?i4,1^} < max{Bi 2 , 5i3, 2.1165}. 


Claim(v) i?i 2 , i?i 3 , i?i 4 < 2.1165 

We hnd that for s = 13,12,11, < ^ 26 , but > ^ 26 , 

so we apply Lemma 11 respectively with = (2.274)^0 = (2.15)^^ 

and crjf^ = (2.036)^0 Here 0i3,i3(crifg < ^^ 26 , 0i2,i4(crifg < a ;26 and 
011,15(trii^^) < a;26- 

First consider Lemma 11 for s = 13 and with crg^^ = (2.274)^^. 

In Case(i), when B 1 B 2 ■ ■ ■ H 13 < (2.274)^^, then we have H 14 < max{Bi 5 , Biq, ■ 

which is < < 2.1165. 

2 

( 26 ) 

In Case(ii), when B 1 B 2 ■ ■ ■ Bi^ > (2.274)^^, then we have H 14 < < 

(2.591)'^^ ^ r) 1 ncc 

(2.274)1S < ^-J-UDO. 

So we have Hu < < 2.1165. 

Now consider Lemma 11 for s = 12 and with = (2.15)^^. 

In Case(i), when B 1 B 2 ■ ■ ■ B 12 < (2.15)^^, then we have H 13 < max{Hi 4 , H 15 , • • 


which is < |-^ < 2.1165. 

In Case(ii), when BiB 2 - ■ ■ B 12 > (2.15)^^, then we have H 13 < 


(2.389)13 


< 1.831. 


( 2 . 15)11 

So we have H 13 < < 2.1165. 




< 


Now consider Lemma 11 for s = 11 and with = (2.036)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.036)^®, then we have B 12 < max{Bi 3 , H 14 , • 


which is < < 2.1165. 

2 

In Case(ii), when B 1 B 2 ■ ■ ■ Bn > (2.036)^®, then we have H 12 < 


(2.2085)11 

(2.036)15 


< 1.54. 


So we have H 12 < H 13 < |-^ 


< 2.1165. 


.(f) 


< 


Using Claims(iv) and (v) we get each of B 2 , H 3 , • • • , H 15 is < 2.1165. 


) -326}; 


B 26 }, 


, B 26 }, 


Final Contradiction 

Now 2 B 2 + 2 B 4 + ■ ■ ■ + 2 H 26 < 2(7 X 2.1165) +2{(^) + ^^ ^ fo § fo l }-^24 T 
2 H 26 < 39.24 for B 2 Q < 0.29 and H 24 < 0.358, giving thereby a contradiction 
to the weak inequality (2, 2, • • • , 2, 2)^. □ 
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9.12 n = 27 


Here we have U 27 = 41.78, Bi < 727 < 4.3684312. Using fl2.5p . we have 
I 27 = 0.1231 < B 27 < 4.0264547 = 77 ^ 27 . 

Claim(i) B 27 < 0.226 

Suppose B 27 > 0.226. The inequality (26*, 1) gives 39 . 24 ( 527 )^ + B 27 > 

41.78. But this is not true for 0.226 < B 27 < 4.0264547. So we must have 
B 27 < 0.226. 

Claim(ii) B^ < max{Bi^, H 14 , 2.195}, for i = 2,3,4, 5, 6 , 7, 8 , 9,10,11,12 
Using fl2.4p and Lemmas 8 , 9 we have 

1 = < Hi < = 4.3684312, 

I = < H 1 H 2 < = (1.1213882)25, 

i = Af^^ < H 1 H 2 H 3 < = (1.1896237)2^ 

i = Af) < H 1 H 2 H 3 H 4 < = (1.2636277)23, 

f = Af^^ < Hi ■ ■ - Hg < = (1.34403991)22, 

^ = Af) < Hi • ■ - He < /if) = (1.4316096)21, 
f = Af) < Hi • ■ ■H 7 < /if) = (1.5271911)20, 

= Af) < Hi ■ ■ • Hg < /if) = (1.6317719)10, 

^ = Af) < Hi • • ■ Hg < /if) = (1.7464974)18, 

^ = Af) < Hi • • ■ Hio < /if) = (1.8727046)1^ 

^ = Af) < Hi • ■ ■ Hii < /if) = (2.0119609)10, 

2 ^^ = Af) < Hi ■ ■ ■ Hi 2 < /if) = (2.1661136)10, 

^ = Af) < Hi • • ■ Hi 3 < /if) = (2.3373592)l^ 

‘± ^27 

^ = Af) < Hi ■ ■ ■ Hi 4 < /if) = (2.5283215)13. 

We hud that maa;{ 0 s,„_ 5 (Af)), 0 s,„_ 5 (/ii^'^)), for s = 1, 2, 3,4, 5, 6 , 7, 8 , 9,10,11} = 

(27) 

0ii,i6(/^ii J, which is < u> 27 . Therefore using Lemma 10 we have 

H, < max{H,+i, H^+a, • • • , ^ 27 }, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11,12. (9.15) 

From fi 2 .ip . fi 2 . 2 p and Claim(i) we find that, max{Hi 5 , Hig, • • • , H 27 } < H 15 < 

< 2.195. So using fl9.15l) we get that each of H 2 , • • • , H 12 is < max{Bi 3 , H 14 , < 

max{Bi 3 , Hi4 , 2.195}. 

Claim(iii) H 13 , H 14 < 2.195 

We hnd that for s = 13,12, 0s,„_s(Af)) < 0 J 27 , but 05,„_s(/if)) > 0027 , so 
we apply Lemma 11 respectively with af) = (2.25)i'i and af) = (2.13)io. 

Here 0i3,i4(crf)) < UJ 27 and 0i2,i5(f f) < (^ 27 - 

First consider Lemma 11 for s = 13 and with af) = (2.25)i"^. 

In Case(i), when H 1 H 2 • ■ ■ H 13 < (2.25)i'i, then we have H 14 < max{Bi 3 , Hie, • • ■ , -B 27 }, 
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which is < % < 2.195. 


(2^2^ < 2.026. 


,( 27 ) 

-‘14 

7271 

7 i 3 


In Case(ii), when i?ii?2 • ■ ■ i?i3 > (2.25)^^, then we have Su < < 

_^ 

(2.25)14 

So we have i?i4 < ^ < 2.195. 

Now consider Lemma 11 for s = 12 and with = (2.13)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ B 12 < (2.13)^®, then we have B 13 < max{Bi 4 , Bi^, ■ ■ 
which is < % < 2.195. 

( 27 ) 

In Case(ii), when BiB 2 ---Bi 2 > (2.13)^^, then we have Bi^ < < 

<7 i 2 

(2.3374)14 ^ 1 

(2,13)18 ^ i.(4:0. 

So we have i?i3 < ^ < 2.195. 


Using Claim(ii) and (hi) we get each of i?2, ^3, • • ■ , i?i5 is < 2.195. 


Final Contradiction 

Now 2 B 2 + i?3 + 2i?5 + ■ ■ ■ + 2i?27 < 3(-^) + 2{(6 X ^ ^ + ^ + ^ + 

^ + I + l)}i?27 < 41.78 for B 27 < 0.226, giving thereby a contradiction to 
the weak ineqnality (2,1, 2, • • • ,2, 2)^. □ 


-S27}, 


9.13 n = 28 

Here we have Ci ;28 = 44 . 36 , Bi < 728 < 4 . 488631 . Using ( 12 . 5 p . we have 
/28 = 0.1164 < H 28 < 4.144353 = m 28 . 

Claim(i) H 28 < 0.228 

Suppose i ?28 > 0 . 228 . The inequality ( 27 *, 1 ) gives 41 . 78 (i? 28 )^ + -^28 > 
44 . 36 . But this is not true for 0.228 < i ?28 < 4 . 144353 . So we must have 
S 28 < 0 . 228 . 

Claim(ii) Bi < max{Bi2,, H 14 , H 15 , 2 . 215 }, for i = 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , 10 , 11,12 
Using fl 2 . 4 p and Lemmas 8 , 9 we have 

1 = < Hi < = 4 . 488631 , 

I = < B 1 B 2 < = (1.118873)26, 

i = Af®^ < H 1 H 2 H 3 < = (1.1855192)25, 

i = Af) < H 1 H 2 H 3 H 4 < /xf ^ = (1.257657)24, 
f = Af®^ < Hi ■ ■ - Hg < = (1.3358932)23, 

^ = Af) < Hi ■ ■ ■ He < /if) = (1.4209042)22, 
f = Af) < Hi ■ ■ - Hy < /if) = (1.5134819)24, 

^ = Af) < Hi • • ■ Hg < /if) = (1.6145296)20, 

= Af) < Hi ■ ■ ■ Hg < /if) = (1.7250912)49, 

^ = Af) < Hi ■ ■ ■ Hio < /if) = (1.8463778)43, 
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^ = Aif) < ^ = (1.9798026)1^ 

^ ^28 

^ = ASf < 5i • • ■ 5 i2 < = (2.1270228)16, 

= Aif < 5i ■ ■ ■ i?i3 < /iSf = (2.2899914)16, 

28 

= Ajf ^ • • ■ 5 i 4 < /if/^ = (2.4710303)l^ 

28 

^ = ASf < • • ■ 5 i5 < = (2.6729135)16. 

We find that max{0s^„_s(Ai^^^), 0s^„_s(/ii^®^), for s = 1, 2, 3,4, 5, 6, 7, 8, 9,10,11} = 

/'9Q'\ 

011,17(hii 0, which is < a; 28 - Therefore using Lemma 10 we have 
B, < max{5,+i, 5^+2, • • • , ^28}, for 7 = 2, 3,4, 5, 6, 7, 8, 9,10,11,12. (9.16) 


From fl2.ip . fl2.2p and Claim(i) we hnd that, max{BiQ, Bn, • • • , B 2 s] < Biq < 

^ < 2.215. So using (19.161) we get each of B 2 , • • • , Bn is < max{Bi 3 , Bn, Bn, < 
max{Bi3, Bn, Bn, 2.215}. 

Claim(iii) Bn, Bn, Bn < 2.215 

We hnd that for s = 14,13,12, 0s,n-s(Ai^®^) < a; 28 , but > ^ 2 %, 

so we apply Lemma 11 respectively with = (2.355)i'i, = (2.23)1^ 

and a[f'’ = (2.11)16. Here 0i4,i4(crSf^) < a; 28 , 013,15(0-2®^) < UI 28 and 

012,16(o-|2*^) < a;28. 

First consider Lemma 11 for s = 14 and with = (2.355)1“!. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.355)1"!, then we have H 15 < max{Bn, Bn, ■ ■ ■ , B 28 }, 
which is < % < 2.215. 

( 28 ) 

In Case(ii), when B 1 B 2 ■ ■ ■ Bn > (2.355)i"!, then we have H 15 < < 

(2-673)1^ 2 204 

(2.355)14 ^ 

So we have H 15 < ^ < 2.215. 

Now consider Lemma 11 for s = 13 and with = (2.23)16. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.23)16, then we have Bn < max{Bn, Bn, ■ ■ ■ , B 28 }, 
which is < % < 2.215. 


In Case(ii), when B 1 B 2 

(2-472)14 ^ ggg 

(2.23)15 ^ r.o»o. 

So we have Bn < ^ < 2.215. 


•Bn > (2.23)16, then we have B 


14 


< 


-if! 


< 


428 ) 


-12 =(2.11) 


16 


Now consider Lemma 11 for s = 12 and with a) 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < ( 2 . 11 )i 6 , then we have H 13 < max{Bn, Bn, 
which is < % < 2.215. 


) -^ 28 }, 


( 28 ) 

In Case(ii), when BiB 2 - ■ ■ Bn > (2.11)i6, then we have H 13 < hw ^ 

-12 

(2.2899)15 

(2,11)16 ^ r.uz. 

So we have H 13 < ^ < 2.215. 

Using Claim(ii) and (iii) we get each of B 2 , S 3 , 


,Si 6 is < 2.215. 
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Final Contradiction 

Now 2i?2 + 2i?4 + ■ ■ ■ + 2i?28 < 2{8 X ^ ^ + ^ + ^ “1“ e I “I" l}-®28 < 

44.36 for i?28 < 0.228, giving thereby a contradiction to the weak inequality 
(2,2 ,--- ,2,2)^. □ 

9.14 n = 29 

Here a;29 = 47.18, Bi < 729 < 4.6086676. Using (12.hh . we have I 29 = 0.1102 < 
B 29 < 4.2621353 = 77129. 

Claim(i) H29 < 0.201 

The inequality (28*, 1) gives 44.36(i?29)'^ + H29 > 47.18. But this is not 
true for 0.201 < B29 < 4.2621353. So we must have B 29 < 0.201. 

Claim(ii) B 28 < 0.246 

The inequality (27*, 2) gives 41.78(i?28-B29)^ +4i?28 ~ > 47.18. But 

this is not true for 0.246 < H28 < §-^29 < 0.268 and |(i?28) < -B29 < 0.201. 
So we must have B 28 < 0.246. 

Claim(iii) i?27 < 0.2835 

The inequality (26*, 3) gives 39.24(i?27H28S29)^ +4i?27 — ^ 2^329 ^ 47.18. 
But this is not true for 0.2835 < B 27 < IH29 < 0.302 and < H28-S29 < 
(0.246)(0.201). So we must have H27 < 0.2835. 

Claini(iv) Bi < max{Bu, H15, 2.3888}, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11,12,13 
Using fl2.4p and Lemmas 8, 9 we have 

1 = < Hi < = 4.6086676, 

I = < H 1 H 2 < = (1.1164824)27, 

4 = Af®^ < H 1 H 2 H 3 < = (1.18162593)26, 

4 = Af ^ < H 1 H 2 H 3 H 4 < /if ^ = (1.2520101)25, 
f = Af ^ < Hi ■ ■ - Hg < /if ^ = (1.3281938)24, 

^ = Af) < Hi ■ ■ - He < /if ^ = (1.41081792)23, 

^ = Af ^ < Hi ■ ■ ■H 7 < /if ^ = (1.5005968)22, 

^ = Af ^ < Hi ■ ■ - Hg < /if ^ = (1.5983668)21, 

^ = Af ^ < Hi • • ■ Hg < /if ^ = (1.7050819)20, 

= Af ^ < Hi ■ ■ ■ Hio < /if ^ = (1.8218444)19, 

= Aff < Hi • • ■ Hii < /iff = (1.9499335)13, 

^ = Aff < Hi • ■ ■ Hi 2 < /if ^ = (2.0908415)17, 

^ = Af) < Hi • • ■ Hi 3 < /if ^ = (2.2463188)16, 

= Af ^ < Hi ■ ■ ■ Hi 4 < /if ^ = (2.4184275)45, 

^ = Aff < Hi • • ■ Hi 5 < /if ^ = (2.6096202)14. 
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We find that max{(t)s,n-s{^f'^^)', 0s,n-s(hP^), for s = 1, 2, 3,4, 5, 6, 7, 8, 9,10,11,12} 
012,17 (/ri2^^), which is < a;29- Therefore using Lemma 10 we have 


Bi < max{Bi+i, 5^+2, • • • , -B29}, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11,12,13. 

(9.17) 

From fi2.ip . fi2.2p and Claims (i),(ii) and (iii) we hnd that, max{BiQ, Bn, • • • , S29} < 
Big < -fF < 2.3888. So using fl9.17p we get that each of B 2 , • • • , S13 is 
< max{Bn, Bn, < max{Bn, Bn, 2.3888}. 

Claim(v) Bn, Bn < 2.3888 

We hnd that for s = 14,13, < ^29, but > (^ 29 , so 

we apply Lemma 11 respectively with = (2.34)^® and = (2.21)^®. 

Here 0i4,i5(crif < ^29 and 0i3,i6(crif < ^29. 

First consider Lemma 11 for s = 14 and with = (2.34)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.34)^®, then we have H15 < max{BiG, Bn, ■ ■ ■ , B 2 g}, 
which is < ^ < 2.1 


( 29 ) 

In Case(ii), when BiB 2 ---Bn > (2.34)^®, then we have H15 < nhj < 

(2-6097)0 < ^ ggg 
(2.34)15 ^ r-»ua. 

So we have Bn < ^ < 2.3888. 

Now consider Lemma 11 for s = 13 and with = (2.21)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.21)^®, then we have Bn < max{Bn, Bn, ■ ■ ■ , H29}, 
which is < % < 2.3888. 

^ ( 29 ) 

In Case(ii), when BiB 2 ---Bn > (2.21)^®, then we have H14 < hw < 

O'lS 

(2.4185)15 

(2.21)16 ^ -L.ro. 

So we have Bn < ^ < 2.3888. 

Using Claims(iv) and (v) we get each of B 2 , B^, ■ ■ ■ , Bn is < 2.3888. 


Final Contradiction 

Now 2H2 + H3 + 2H5 + --- + 2529 < 3(^)+2(6 x ^) + 2(|^ + ^ + + 
i + I + 1)527 + 2529 < 47.18 for B29 < 0 . 201 , B2S < 0.246 and B27 < 0 . 2835 , 
giving thereby a contradiction to the weak inequality (2,1, 2, • • • ,2, 2)^. □ 


9.15 n = 30 

Here wso = 49.86. We have 5i < 730 < 4.7285667. Using fl2.5p . we have 
ho = 0.1045 < Boo < 4.3798196 = rngo- 

Claim(i) Boo < 0.231 

Suppose Boo > 0.231. The inequality (29*, 1) gives 47.18(53o)^ + 530 > 
49.86. But this is not true for 0.231 < Boo < 4.3798196. 

Claim(ii) B 29 < 0.247 

Suppose B 20 > 0.247, then 2 B 29 > Boo- Therefore the inequality (28*, 2) 
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— 1 9 r2 

holds i.e. 44.36(-B29-B3o)^ + 4-029 —^ 49.86. But this is not true for 
0.247 < -029 < 1-^30 < 0.308 and |(-029) < < 0.231. So we must have 

029 < 0.247. 

Claim(iii) B 28 < 0.285 

Suppose .028 > 0.285, then B^g > -029-030- Therefore the inequality 
(27*, 3) holds, i.e. 41.78(-028-029-B3o)^+4-028“> 49.86. But this is not 
true for 0.285 < -028 < §-029 < 0.347 and ^29-030 < (0.247)(0.231). 

So we must have B 28 < 0.285. 

Claim(iv) Bi < max{Bu, -0i5, -0i6, 2.3985}, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11,12,13 
Using fl2.4p and Lemmas 8, 9 we have 

1 = < -01 < = 4.7285667, 

I = < -01-02 < = (1.114207)28, 

4 = A^^°^ < -01-02-03 < = (1.1779273)27, 

4 = Af°) < -01-02-03-04 < = (1.2466561)26, 

f = Af°^ < -01 • ■ - -05 < = (1.3209137)25, 

^ = Af°^ < -01 ■ ■ - -06 < = (1.4012902)24, 

£ = < -01 ■ ■ - -07 < = (1.4884616)23, 

fj = Af< -01 ■ ■ ■ -08 < /if= (1.5831813)22, 

g = Af°^ < -01 ■ ■ ■ -09 < /if"^ = (1.6863321)21, 

^ = Aif ^ < -01 ■ ■ ■ -010 < /iif = (1.7989201)20, 

= ASf) < -01 ■ ■ ■ -011 < /iSf = (1.9221086)10, 

= Aff ^ < -01 • • ■ -012 < /iSf = (2.057247)13, 

^ = ASf^ < -01 • • ■ -013 < /iSf = (2.2059099)^7^ 

^ = Aff ^ < -01 • • ■ -014 < /iSf = (2.3699437)10, 

= Aff ^ < -01 ■ ■ ■ -015 < /iif = (2.551525)10, 

= Aff) < -01 • • ■ -016 < /iSf = (2.7532392)14. 

We hud that maa:{0s^„_s(Af°f, 0s^„_s(/if°^), for s = 1, 2, 3,4, 5, 6, 7, 8, 9,10,11,12} 
0i2,i8(+i2°f 5 which is < oiso. Therefore using Lemma 10 we have 

Bi < max{Bi+i, -0^+2, • • • , -029}, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11,12,13. 

(9.18) 

From fl2.ip . fl2.2p and Claims (i),(ii) and (iii) we find that, max{-0i7, -Sis, • • • , -S 29 } < 
Si 7 < ^ < 2.3985. So using fl9.18p we get that each of .02, • • • , -0i3 is 
< max{-0i4, -015, -016, ^} < max{-0i4, -0i5, -0i6, 2.3985}. 

Claim(v) .014, .015, .016 < 2.3985 

We hnd that for s = 15,14,13, 0s,„_5(Af°f < wso, but > wso, 

so we apply Lemma 11 respectively with = (2.438)15, = (2.305)16 
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and = (2.185)^^. Here 0 i 5 ,i 5 (c^! 5 °^) < i^ 30 , < W 30 and 

013,17(o'i 3°^) < l^30- 

First consider Lemma 11 for s = 15 and with = (2.438)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ -B 15 < (2.438)^^, then we have Biq < max{BiY, Big, ■ ■ ■ , B^q}, 
which is < % < 2.3985. 

(30) 

In Case(ii), when i?ii? 2 ---Si 5 > (2.438)^^, then we have Bi^ < < 

<^15 

(2.7533)1-* ^ nna 
(2.438)15 ^ 

So we have Biq < ^ < 2.3985. 

Now consider Lemma 11 for s = 14 and with = (2.305)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ H 14 < (2.305)^®, then we have H 15 < max{BiQ, Bn, ■ ■ ■ , B^q}, 
which is < % < 2.3985. 


(30) 

15 

jm 

14 


< 


In Case(ii), when B 1 B 2 ■ ■ ■ Bn > (2.305)^®, then we have H 15 < ^ 

(2-5516)15 . ggo 

(2.305)15 ^ i.aOO. 

So we have H 15 < ^ < 2.3985. 

Further consider Lemma 11 for s = 13 and with = (2.185)^'^. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.185)^’^, then we have H 14 < max{Bn, B^, ■ ■ ■ , H 30 }, 
which is < % < 2.3985. 


(30) 


(30) 

13 


< 


In Case(ii), when B 1 B 2 ■ ■ ■ Bn > (2.185)^^, then we have Bn < ^ 

(2.36995)16 ^ 

(2.185)17 < 

So we have Bn < ^ < 2.3985. 

Using Claims(iv) and (v) we get each of B 2 , B^, ■ ■ ■ 

Final Contradiction 

Now 2 H 2 + 2 H 4 + • • ■ + 2 B 30 < 2(8 X ^) + 2( 

1)528 + 2530 < 49.86 for 530 < 0.231, 529 < 0.247 and B 2 S < 0.285, giving 
thereby a contradiction to the weak inequality (2, 2, • • • , 2, 2)^. □ 


5 i 7 is < ^ < 2.3985. 


3/2 I 1 I 3/2 ill 
+ + — + £ + 


+ 


9.16 n = 31 

Here = 53.04, 5i < 731 < 4.8483483. Using fl2.5p . we have /31 = 0.0991 < 

531 < 4.4974263 = m^i. 

Claim(i) 531 < 0.173 

Suppose 531 > 0.173. The inequality (30*, 1) gives 49 . 86 ( 531 )w + 531 > 
53.04. But this is not true for 0.173 < 531 < 4.4974263. So we must have 
531 < 0.173. 

Claini(ii) 5^ < max{Bn, B^, 2.5199}, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11,12,13,14 
Using (12.4p and Lemmas 8, 9 we have 

1 = < 5i < /if^^ = 4.8483483, 

I = A^^^ < B 1 B 2 < = (1.1120388)29, 
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I = < B 1 B 2 B 3 < = (1.1744085)28, 

i = Af^ < BiB2B3B^ < /if) = (1.2415716)27, 

I = Af) < 5i ■ ■ - Ss < /if) = (1.3140139)26, 

§ = Af) < Si ■ ■ - Se < /if) = (1.3922837)25, 

^ = Af) < Si ■ ■ - Sr < /if) = (1.47700291)24, 
fj = Af) < Si ■ ■ - Sg < /if) = (1.5688842)23, 
fj = Af) < Si ■ ■ - Sg < /if) = (1.6687218)22, 

^ = Af) < Si • ■ ■ Sio < /if) = (1.7774458)21, 

^ = Af) < Si • • ■ Sii < /if) = (1.8961171)20, 

= Af) < Si ■ ■ ■ S 12 < /if) = (2.0259616)10, 

= Af) < Si • • - Sia < /if) = (2.1684016)13, 

^ = Af) < Si • • ■ Si4 < /if) = (2.3250968)17, 

^ = Af) < Si • • ■ Si5 < /if) = (2.497994)16, 

= Af) < Si ■ ■ • S 16 < /if) = (2.6893851)15. 

We find that maa:{0s^„_s(Af)), 0s^„_s(/if)), for s = 1, 2, 3,4, 5, 6, 7, 8, 9,10,11,12,13} = 

/oi \ 

013,18 (hi J, which is < oisi. Therefore using Lemma 10 we have 


Bi < max{Bi+i,Bi+2, ■ 


S 31 }, for i = 2, 3,4, 5, 6 , 7, 8 , 9,10,11,12,13,14. 

(9.19) 


From (I2.ip . (l2.2p and Claim (i), we hnd that max{Bn, Sig, • • • , S 31 } < S 17 < 

1^ < 2.5199. So using fl9.19p we get that each of S 2 , • • ■ , S 14 is < max{Bi 3 , Sig, \^} < 
max{Bi 3 , S 16 , 2.5199}. 

Claim(iii) Si 5 ,Si 6 < 2.5199 

/OI “I /OI \ 

We hnd that for s = 15,14, 0s,n-s(As ) < a; 3 i, but ) > ^ 31 , so 

we apply Lemma 11 respectively with erf) = (2.42)76 and af) = (2.299)^7. 

Here 0i5,i6(ff^) < 1:^31 and 0i4,i7(ff^) < i^^si- 

First consider Lemma 11 for s = 15 and with af) = (2.42)76. 

In Case(i), when S 1 S 2 • • • S 15 < (2.42)76, then we have Sig < max{Bij, Sig, • • • , S 31 }, 
which is < < 2.5199. 

(31) 

In Case(ii), when B 1 B 2 ■ ■ ■ B 15 > (2.42)7®, have Sig < < 

^15 

(2-6894)15 2 0128 

(2.42)16 ^ ^-UiZO. 

So we have Sig < < 2.5199. 

Now consider Lemma 11 for s = 14 and with af) = (2.299)77. 

In Case(i), when S 1 S 2 • ■ ■ S 14 < (2.299)77, then we have S 15 < max{Bie, S 17 , • • • , S 31 }, 


which is < 1% < 2.5199. 

- 2 £-1 

In Case(ii), when SiS 2 ---Si 4 > (2.299)77, then we have S 15 < < 

^ < 1.642. 


(2.498)16 


,(31) 

ll5 

yw 

ll4 


(2.299)1 
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So we have ^15 < |^ < 2.5199. 

Using Claims(ii) and (iii) we get each of B 2 , • • • , S 17 is < < 2.5199. 

Final Contradiction 

Now 2 B 2 + i ?3 + 2 i ?5 + ■ ■ ■ + 2 i? 3 i < 3(|-^) + 2(7 x ^ + ^ + ^ + 

^ i + I + l)i? 3 i < 53.04 for i? 3 i < 0.173, giving thereby a contradiction 
to the weak inequality ( 2 , 1 , 2 , • • • , 2 , 2 )^,. □ 

9.17 n = 32 

Here a ;32 = 56.06, Bi < 732 < 4.9680344. Using fl2.5p we have Z 32 = 0.0942 < 

B ^2 < 4.6149714 = 77132. 

Claim(i) H 32 < 0.203 

Suppose H 32 > 0.203. The inequality (31*, 1) gives 53.04(i?32)'^ + H 32 > 

56.06. But this is not true for 0.203 < i ?32 < 4.6149714. So we must have 
B 32 < 0.203. 

Claim(ii) H 30 < 0.261 

Suppose H 30 > 0.261. The inequality (29*, 3) gives 47.18(i?3oH3ii?32)^ + 

4 i? 3 o — > 56.06. But this is not true for 0.261 < B^q < |i ?32 < 0.305 

and \B‘Iq < B 31 B 32 < |(0.203)^. So we must have B^q < 0.261. 

Claim(iii) Bi < max{Bi 5 , Biq, Bn, 2.5344}, for i = 2, 3,4, 5, 6 , 7, 8 , 9,10,11,12,13,14 
Using (12.4p and Lemmas 8 , 9 we have 

1 = Af < Hi < /if = 4.9680344, 

I = < B 1 B 2 < = (1.1099695)30, 

i = Af^^ < H 1 H 2 H 3 < /if^^ = (1.1710561)29, 
i = Af) < H 1 H 2 H 3 H 4 < /if ^ = (1.2367358)23, 
f = Af ^ < Hi ■ ■ - Hs < /if ^ = (1.3074634)27, 

^ = Af ^ < Hi ■ ■ - He < /if ^ = (1.3837502)26, 

^ = Af ^ < Hi ■ ■ - Hy < /if ^ = (1.4661739)25, 

fj = Af ^ < Hi ■ ■ ■ Hg < /if ^ = (1.5553893)24, 

fj = Af ^ < Hi ■ ■ ■ Hg < /if ^ = (1.6521469)23, 

^ = Af ^ < Hi • ■ ■ Hio < /if ^ = (1.7572829)22, 

^ = Af) < Hi ■ ■ ■ Hii < /if) = (1.8717771)21, 

^ = Af) < Hi • ■ ■ Hi 2 < /if) = (1.9967464)20, 

= Af) < Hi ■ ■ ■ Hi 3 < /if) = (2.1334819)10, 

= Af) < Hi ■ ■ ■ Hi 4 < /if) = (2.2834814)13, 

^ = Af) < Hi • • ■ Hi 5 < /if) = (2.4484926)17, 

^ = Af) < Hi • • ■ Hi 6 < /if) = (2.6305651)16, 













21 _ ^( 32 ) 

32 


2x43515 - Ai7 


= (2.8321145)^5. 

We find that max{(l)s,n-s{^f‘^^), 4>s,n-s{l^s^'^^),ioT s = 1,2, 3,4, 5, 6, 7, 8, 9,10,11,12,13} = 
01,31 which is < 0232. Therefore using Lemma 10 we have 

Bi < max{Bi+i, 5^+2, • • ■ , -B32}, for i = 2, 3,4, 5, 6, 7, 8, 9,10,11,12,13,14. 

(9.20) 

From fi2.ip . fi2.2p and Claims (i), (ii), we hnd that max{Bi^, Big, ■ ■ ■ , B^ 2 ] < 

-Bis < ^ < 2.5344. So using fl9.20p we get that each of B 2 , ■ ■ ■ , B14 is 
< max{5i5, Biq, Bn, < max{Bn, B^, Bn, 2.5344}. 

Claim(iv) Bn, Bn, Bn < 2.5344 

We hnd that for s = 16,15,14, 0s,n-s(Af ^^) < c<;32, but 0s,n-s(hf^^) > 1^32, 
so we apply Lemma 11 respectively with cr|g^^ = (2.506)^®, = (2.4)^”^ 

and = (2.27)^®. Here 0i6,i6(ciif^) < ^^32, 0i5,i7(ciif^) < ^^32 and 

014,18(<^14 < '^32- 

First consider Lemma 11 for s = 16 and with cr|g^^ = (2.506)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.506)^®, then we have Bn < max{Bn, Bn, ■ 
which is < ^ < 2.5344. 

(32) 

In Case(ii), when B 1 B 2 ■ ■ ■ Bn > (2.506)^®, then we have H17 < nm < 

o'le 

(2.833)35 


) -B32}, 


(2.506)1® 


< 2.512. 


So we have Bn < ^ < 2.5344. 


(32) 


15 ~ ( 2 - 4 ) 


17 


< 


Now consider Lemma 11 for s = 15 and with a 
In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.4)^^, then we have Bn < max{Bn, Bn, ■ ■ ■ , B 32 }, 
which is < % < 2.5344. 

(32) 

In Case(ii), when B 1 B 2 ■ ■ ■ Bn > (2.4)^^, then we have Bn < < *'^( 2 ^)^^^ 

1.809. 

So we have Bn < ^ < 2.5344. 

Next consider Lemma 11 for s = 14 and with = (2.27)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.27)^®, then we have H 15 < max{Bn, Bn, ■ ■ 
which is < ^ < 2.5344. 

(32) 

In Case(ii), when BiB 2 - ■ ■ Bn > (2.27)^®, then we have H 15 < < 

< 1.596. 

So we have Bn < ^ < 2.5344. 

Using Claims(iii) and (iv) we get each of B 2 , B 3 , • • • , Bn is < ^ < 2.5344. 

Final Contradiction 


) -B32}, 


Now 2 B 2 + 2 i ?4 + 2Bq + ■ ■ ■ + 2 H 32 < 2(9 X ^ + ^ + 


3/^ + 1 + 

£ 's' 


I + 1 )B 3 o + 2 H 32 < 56.06 for B 32 < 0.203 and H 30 < 0.261, giving thereby a 
contradiction to the weak inequality ( 2 , 2 , 2 , • • • , 2 , 2 )^. □ 
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9.18 n = 33 


Here U 33 = 59.58, Bi < 733 < 5.0876409. Using fl2.5p . we have Z 33 = 0.0896 < 

S 33 < 4.7324725 = 77133 . 

Claim(i) H 33 < 0.155 

Suppose i ?33 > 0.155. The inequality (32*, 1 ) gives 56 . 06 ( 533 ) + B 33 > 

59.58. But this is not true for 0.155 < B^^ < 4.7324725. 

Claim(ii) Bi < max{BiQ, B^, Hig, 2.2577}, for i = 2, 3,4, 5, 6 , 7, 8 , 9,10,11,12,13,14,15 
Using fl2.4p and Lemmas 8 , 9 we have 

1 = < 5i < = 5.0876409, 

I = < B 1 B 2 < = (1.1079939)31, 

i = A^^^^ < 5 i5253 < = (1.1678596)30, 

i = < BiB2B3B^ < = (1.2321321)29, 

f = Af) < B,B 2 B,B^B, < /if) = (1.3012373)28, 

^ = Af) < B,B2B,B,B,B, < /if) = (1.3756537)27, 

£ = Af) < 5i ■ ■ - 57 < /if) = (1.4559193)20, 
fj = Af) <B,---Bs< /if) = (1.5426418)25, 

J = Af) < 5i ■ ■ ■ 59 < /if) = (1.6365102)24, 

2^1^ = Af) < 5i ■ ■ ■ 5io < /if) = (1.7383141)23, 

= Af) < 5i • • - Hn < /if) = (1.8489335)22, 

^ = Af) < 5i • • ■ 5 i 2 < /if) = (1.9693991)21, 

^ = Af) < 5i • • ■ 5 i 3 < /if) = (2.1008861)29, 

= Af) < 5i ■ ■ • 5 i 4 < /if) = (2.24475296)19, 

= Af) < 5i • • ■ 5 i 5 < /if) = (2.4025756)13, 

^ = Af) < 5i • • ■ 5 i 6 < /if) = (2.5761882)17, 

^ = Af) < 5i • ■ ■ 5 i 7 < /if) = (2.7677614)10, 

= Af) < 5i ■ ■ • 5 i 8 < /if) = (2.9798226)15. 

We hnd that r?iaa:{0s^„_s(Af)), 0s^„_s(/if)), for s = 1, 2, 3,4, 5, 6 , 7, 8 , 9,10,11,12,13,14} = 
014,19(/if ))5 which is < 0733 . Therefore using Lemma 10 we have 

5, < max{Bi+i, 5,+ 2 , • • • , ^ 33 }, for i = 2, 3,4, 5, 6 , 7, 8 , 9,10,11,12,13,14,15. 

(9.21) 

From fi 2 .ip . fi 2 . 2 p and Claim(i) we hnd that, max{Big, B 20 , • • • , ^ 33 } < Big < 

1^ < 2.2577. So using fl9.2ip we get that each of B 2 , • • ■ , B 15 is < max{BiQ, Bn, Bis, § 73 ^} < 
max{BiQ, Bn, B^, 2.2577}. 

Claim(iii) Biq, Bn, Bis < 2.7 

We hnd that for s = 17, 16, 15, 0s,„_s(Af)) < U 33 , but 0s,n-s(/if)) > ^^ 33 , 
so we apply Lemma 11 respectively with af ) = (2.616)io, af ) = (2.5)i7 
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and = (2.39)^®. Here 017,16(0-!?^) < ^ 33 , 016,17(0-!?^) < ^33 and 

015,18(<7'i5^^) < 1^33- 

First consider Lemma 11 for s = 17 and with = (2.616)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.616)^®, then we have B^ < max{Bn, B 20 , ■ ■ ■ , -B33}, 
which is < < 2.2577. 

(33) 

In Case(ii), when BiB 2 - ■ ■ Bn > (2.616)^®, then we have B^ < ^ 

^17 

(2.9797)1® ^ o ^ 

(2.616)16 

So we have B^ < 2.7. 

Now consider Lemma 11 for s = 16 and with = (2.5)^^. 

In Case(i), when B 1 B 2 ■ ■ ■ B^ < (2.5)^^, then we have H 17 < max{Bis, B^, • • ■ , H 33 }, 
which is < 2.7. 

In Case(ii), when B 1 B 2 ■ ■ ■ Bn > (2.5)^’^, then we have H 17 < < 

2.038. 

So we have Bn < 2.7. 

Next consider Lemma 11 for s = 15 and with = (2.39)^®. 

In Case(i), when B 1 B 2 ■ ■ ■ Bn < (2.39)^®, then we have Bn < max{Bn, Bn, • • ■ , H 33 }, 
which is < 2.7. 

(33) 

In Case(ii), when H 1 H 2 ■ ■ ■ i?i 5 > (2.39)^®, then we have Bn < nh) < 

<^15 

(2-5762)1^ ^ 408 

(2.39)18 ^ -L-^yo. 

So we have Bn < 2.7. 

Using Claims(ii) and (iii) we get each of B 2 , B^, • • • , Bn is < 2.7. 

Final Contradiction 

Now 2 B 2 + H 3 + 2 H 5 + 2 H 7 + ■ ■ ■ + 2 H 33 < 3 X 2.7 + 2(7 x 2.7) + 2(|^ + 

^ + 1^ + ^ + ^ + ^ + ! + 1)533 < 59.58 for ^33 < 0.155, giving thereby a 
contradiction to the weak inequality ( 2 , 1 , 2 , • • ■ , 2 , 2 )w □ 
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